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1. (40 pts.) Wt hout evaluating any integrals and using only
the tabl e provided, properties of the Laplace transform and
appropriate function identities, obtain the Laplace transform of
each of the functions that foll ows:

0 -5 , 0 <t <5

(a) h(t) = O 25 5 <t <15 = -5+ 30us(t) - 23ug(t)
o 2 15 < t

Hh(t)}(s) = -5 u(t)}(s) + 30Lus(t)}(s) - 239{us(t)}(s)

= -(1/s)(5 - 30e> + 23e ')

or equival ent.
(b) g(t) = mt -e* -cos(t)
2g(t)}(s) m{e*(t -cos(t))}(s)

= {t -cos(t)}(s - 2)

= M (s-2°- 1) ((s-2°+1)"]

= (s - 2)? - 1)/[((s - 2)2 + 1)7]
This can al so be handl ed by follomﬁng the line of transformation

t hat begins 9{g(t)}(s) = {t (e -cos(t))}(s) and uses
differentiation, but it’s nuch nessier.

(c) (f*g)(t) , when f(t) = 2-sin(3t) and g(t) = 2-e5 -t4
L (f*g)(t)}(s) = Lf(t)}(s) Ha(t)}(s)
29{sin(3t)}(s) -2¢{e ™ -t} (s)

2-3(s?> + 9)'1-2:41 (s + 5)°°

288(s? + 9) (s + 5)° or equivalent.

1/s
1 +es

assum ng the Lapl ace beast coexists with the series shaman?

10 Point Bonus: If Hf(t)}(s) = for s >0, what’'s f(t),

S;}%;E:f for s >0, thanks to

LH()}(s) = Y7 ((-De) =Y,

the geonetric series genie. [Yes, the series converges for
s > 0.] Qbserve that one may then realize that

f(t) =§jﬁ(—nkmjt)fort >0, where, in fact, the sumis

finite for eacht = 0. Examning f(t) over a couple of intervals
will reveal that f is 2 - periodic with f(t) =1 for 0 <t <1
and f(t) =0 for 1 <t <2, and on and on. Really??
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1.
0 16 L, 0<t <2

(d) f(t) =0O = 16 + (8t - 16) -u,(t)
0 8t L2 <t

() (s) = <{16}(s) + (8t - 16) -uy(t)}(s)
= 16s ! + ¥ g(t-2) ‘uy(t)}(s), where g(t-2) = 8t - 16
= 16s!

+

e g(t)}(s), with g(t) = 8(t+2) - 16

= 165t + e >¢9{8t}(s)

+

= 16s' + 8e*s?

2. (10 pts.) (a) The Laplace transformof the follow ng 2-
periodic function may be witten in terns of a definite integral.
Sinply express the transformin terns of the appropriate definite
integral, but do not attenpt to evaluate that definite integral

Ot , for 0 <t <1
f(t) = O
o2 -t , for 1 <t < 2,

and f(t) =f(t + 2) for t > 0.

sz(t)estdt
Ar()(s) = L

(b) The followi ng sumof definite integrals can be realized as
the Lapl ace transformof a certain function g(t) defined for
t = 0. Provide the precise definition of that function g.

JlteS‘dt . LZ(Z—t)eStdt - d{g(t)}(s), where

0

—+

, for 0 <t <1

g(t) = -t , for 1 <t < 2,

OOdodd

2
0 , for 2 <t.

Warni ng: Do not attenpt to evaluate the Laplace transform of g.

NOTE: O course you could al so have answered that
Of(t) , for 0 =t <2
g(t) = O

0o , for 2 <t, where f(t) is defined above.
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3. (15 pts.) Suppose that the Laplace transformof the solution
to a certain initial value probleminvolving a |inear
differential equation with constant coefficients is given by

se’™ 10 s
Hy(t)}(s) = +
s?2 + 25 (s - 2)2 + 36

What’'s the solution, y(t) , to the IVP??

se’™ s
y(t) = e —————— H(t) + 104y H(t)
s?2 + 25 (s - 2)2 + 36
= ut)cos(5(t-m) + 10e?cos(6t) + (10/3)e?sin(6t)
after just a little of the usual prestidigitation --- factoring
unity correctly and invoking the avatar of zero who
transnogrifies ugly toads to princely table fornms --- routine

magi c now. You may wite y(t) in piecew se-defined formif you
are feeling rowdy.

4. (15 pts.) Using only the Laplace transform nachi ne, very
carefully solve the following very dinky first order initia
val ue probl em
o6 , for 0 <t <3
y' = f(t) , where f(t) = 0
o2t , for 3 <t
and y(0) = -3.

bserve that f(t) =6 + 2(t - 3)ug(t). Thus, applying our
friendly Laplace transformto both sides of the differenti al

equation, using the initial condition, and solving for the
Lapl ace transformof y yields

Hy(t)}(s) = 1[6/(s*)] + [2e*/(s)] - [3/s]

Thus, after not bowing at all to the partial fraction proprietor,
you may wite

y(t) = 6t + ug(t)(t-3)* - 3

Finally, after you march up and down the unit steps a few tines,
you have

Oet - 3 , for 0 <t <3
y(t) = O
0t? + 6 , for 3 <t

nore or less. There are, of course, a couple of inequalities
t hat we have fudged. [Look at Test 1, Problem 1(f)...!!17??
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5. (10 pts.) Very neatly transformthe given initial value
probleminto a linear systemin ${x} and ${y} and stop. Do not
attenpt to solve for 9{x} or ¢{y}.

|.V.P.: 2x'(t) + y(t) 12t 2
y'(t) - 3x(t)

After performng the transformation two-step and tidying things
up a mte, you mght waltz right up to

2s9{x} + ¥y}
-39{x} + s¥{y} = 8eds*H - 2

8-e“3(t - 5), x(0) =1, y(0) = -2

[24/s%] + 2

6. (10 pts.) Consider the followng initial value problem

y'(t) - 3y(t) = h(t) and y(0) = 0,
0 10sin(t), for 0 <t < 2m

where h(t) = 0
O , for t > 21
Suppose t hat
Oe¥ - cos(t) - 3sin(t) , for 0 £t < 2m
y(t) = O
O e® , for t =2 21

(a) Show that y satisfies the ODE when 0 <t < 2T

If O <t < 2m then
y'(t) - 3y(t) [ 3e3+sin(t)-3cos(t)] - 3[e®*-cos(t)-3sin(t)]
sin(t) + 9sin(t) = 10sin(t).

(b) Show that y satisfies the ODE when t > 271
If t >2m then y'(t) - 3y(t) =1[3e¥] - 3[e¥*] = 0.
(c) Show that y satisfies the initial condition.
y(0) = e¥9-cos(0)-3sin(0) =1- 1 - 0 = 0. [Dead Equine?]
(d) Wy wouldn’t you want to call y the solution to the |1VP?

Since lim_,. y(t) =e®™1 and lim _,.y(t) =ef™, y(t) is

di scontinuous at t = 2. Consequently, y(t) above is not
differentiable at t = 2m, a very desirable property for the
solution to the IVP to have. [Note: Continuity is necessary for
differentiability, not sufficient. You really should check for

differentiability, but if the varmnt is not continuous, ... . ]
10 Point Bonus: If <f(t)}(s) = 11/2 for s >0, what's f(t),
+ S

assum ng the Lapl ace beast coexists with the series shaman?
[ Look on Page 1 of 4?7]



