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Read Me First: Show al |l essential work very neatly. Use correct notation Wnen presentl ng your conput ations and
arguments. Wite using conplete sentences. Be careful. Renenber this: "=" denotes "equals" , "O" denotes "inplies" , and
"<" denotes "is equivalent to". Do not "box" your answers. Communicate. Show me the all magic on the page.

1. (10 pts.) (a) Suppose that f(t) is defined for t > 0. What is the
definition of the Laplace transformof f, {f(t)}, in ternms of a definite
i nt egral ??
HF(t)}(s) = L:of(t)eS‘ dt = IimJORf(t)eSt dt

R- o
for all s for which the integral converges.

(b) Using only the definition, not the table, conmpute the Laplace transform
of

05, if 0<t <2
ft) = EO ,if 2<t.
Hf(t)}(s) = f(t)e st dt —Ilm[J2 e st dt + JRoeﬁ dt}
R o 0 2
- [*sest gt = 0O 2
o V¢ TO02-22% ifs=z0
. S
Observe that the inproper integral converges for every real nunber s.

2. (15 pts.) (a) If f(t) and g(t) are piecew se continuous functions
defined for t = 0, what is the definition of the convolution of f with g,

(f*g) (1) ??
(fg) (1) = [ F)9(t-x) dx

(b) Using only the definition of the convolution as a definite integral,
not sonemfancy t ransf orm shenani gans, conpute (f*g)(t) when f(t) = e* and
g(t) = e”.

(f=g)(t)

Jt f(x)g(t-x) dx = Jt e e300 dx
0 0

g3t Jot exdx = e [(_ e ) ‘H = edt [1 _ e*t} - edt _ @2t

(c) Using the Laplace transformtable, conpute the Laplace transform of
f*g when f(t) =t -sin(t) and g(t) = t%"'. [Do not attenpt to sinplify the
al gebra after conputing the transform]

H(fxg)(t)}(s) =Hf(t)}(s)Hg(t)}(s)

gﬂt5|n (t)}( 28Ht2 }(s)
e e
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3. (25 pts.) Wt hout evaluating any integrals and using only the table
provi ded, properties of the Laplace transform and appropriate function
identities, obtain the Laplace transformof each of the functions that
fol |l ows:

H2 ,if o<t<1
(a) f(t) = E—S , if 1<t <2
02, if 2<t.
Witing f in terms of our friendly unit step functions, we have
f(t) =2up(t) + ((-5) ~(2))uy(t) = (2-(-5))uy(t)

= 2Uy(t) - 7u(t) + 7u,(t).
Thus, fromthe linearity of the Laplace transform we have

AH()}(s) = 2 - Les+ Lo

(b) g(t) = 3te*sin(t)

9{g(t)}(s) = 3Ke(tsin(t))}(s) =3kt sin(t)}(s-4) = SL2(S-4)]

((s-H7-1)*

This transform may al so be obtained by following a |line of reasoning
that begins with

Hog(t)}(s) =3Ht(esin(t))}(s) = 4}g§31e“sin(t)}(s) = ...,

Qobvi ously, the second route is slightly messier.

(c) h(t) = cos?(t)

G h(t)}(s) = & cosz(t)}(s) = < L7€0S(21) y(q) - 21§ . 2(Ss+4)_

(d) f(t) = 8-3(t - 10)
HF(t)}(s) = 8L 5(t -10)} = 8e 105,

2t , if O0O<t<2
(e) 9(t) =g it <t = 2t + (8 - 2t)uy(t)

W2t} (s) ~ K (8-2t)uy(t)}(s)
- 2 L@ h(t-2)u(t)}(s), where h(t-2) = 8-2t

2

g(t)}(s)

S
- 2 . e?g{h(t)}, where h(t) = h((t+2) -2) =4-2t

S
_ 2 i 2 s[4 2
- o e rHAAYN(s) = 5 c et - 5
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4. (5 pts.) Locate and classify the singular points of the follow ng
second order honogeneous O D.E. Use conplete sentences to describe the
type of points and where they occur.

(x°-4x%)y ' +x?y ' +(x-2)y =0
An equi val ent equation in standard formis

y' X y' X2 __v=0
x3(x+2) (x-2) x3(x+2) (x-2) '
Fromthis, we can see easily that x, = 0 is an irregular singular point of
the the equation, and x, = -2 and X, = 2 are regul ar singular points. Al

ot her real nunbers are ordinary points of the equation

5. (5 pts.) The equation bel ow has a regul ar singular point at x, = 0.
X2y ''+xy +(x2-2)y =0
(btain the indicial equation at x, = 0, and determne its roots.

The indicial equation is r(r-1) + p, + g, = 0 where

_ . X _ _ .
po-LLTx[§7}—]_andqo-Lth

,Ge-20
0x? O
So the indicial equationis r?2 - 2 =0 with roots 2Y2 and -2%2

-2.

6. (15 pt S. ) For parts (a), (b), and (c) below pretend that x, = 1 is a regular singular point for sone
honogeneous linear differential equation of the formy”(x) + P(X)y'(x) + P,(x)y(x) =0, with the ODE actually being

different for each part. For each part, given the indicial equation provided, use all the infornation avail able and Theorem
6.3 to say what the two nontrivial linearly independent solutions |look |ike without attenpting to obtain the coefficients of
the power series involved.

(a) Indicial equation: (r - m(r - M =0 ; r,=mand r, =T
yi(x) = [x-1["Y c(x-1)"

n=0
Yo(X) = [x=1["1¥d(x-1)" + y,(x) In|x-1

n=0

(b) Indicial equation: (r - 2m(r - M =0 ; r, 2mand r, = 1

yi(x) = x—12“§;cn(x—1)"
Vo(x) = x—1"§;dn(x—1>n

(c) Indicial equation: (r - (m+ 1))(r - M =0 ; r, =1l and r, = T

yi(x) = [x-1]™}y ¢ (x-1)"
n=0
yo(Xx) = \X—l\”X_;dn(X—l)” + Cyy(x) Infx-1/
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7. (10 pts.) Suppose that the Laplace transformof the solution to a
certain initial value probleminvolving a linear differential equation with
constant coefficients is given by

_ se ?® 4s +8
dy()}(s) = 35— - 0

VWhat’'s the solution, y(t) , to the IVP??

V(1) = (& 2okt -2m - gl{%}(t)
- u,(t)cos(t-2m) - 4&1{%}(0

u,(t)cos(t)) + 4etcos(2t) - 2et'sin(2t).
Qobvi ously, you may expand y into a piecew se-defined varm nt.

8. (15 pts.) Using only the Laplace transform machine, very carefully
solve the follow ng very dinky first order initial value problem

y'(t) -y(t) =efcos(t) ; y(0) =1
By taking the Laplace Transformof both sides of the differenti al
equation, and using the initial condition, we have

Hy ' (t)r(s) - Hy(t)}(s) = He'cos(t)}

. . _ s-1

0 sHy(1)}(s) -y(0) - HY()}(S) = 1oz
. _q . s-1

1 (s D HY(I) =1+ =g

0 YOI = Ay e

s-1 T(s-1)?z+1°
By taking inverse transforns now, we quickly obtain
y(t) = et +etsin(t).

Silly 10 Poi nt Bonus: I f you hold your nouth just right and squint just
so, you can evaluate the followi ng inproper integral with | ess than ten
pages of work:

LJ‘” 2t sin(t)cos(t)et dt = 9t sin(2t)}(1) = ((f)(zzz((;))z)z - ;5.

Is this the 16% sol uti on?



