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St udent Nunber : Exam Nunber:

Read Me First: Show all essential work very neatly. Use correct

not ati on when presenting your conputations and argunents. Wite using
conpl ete sentences. Renmenber this: "=" denotes "equals" , "[O" denotes
"inplies" , and "<" denotes "is equivalent to". Do not "box" your answers.

Communi cate. Show ne all your magic on the page. Eschew obfuscati on.

1. (140 pts.) Solve each of the following differential equations or
initial value problens. |[If an initial condition is not given, display the
general solution to the differential equation.

(20 pts./part)

2
() 9% - -2er; y(0) =1 y(0) = 1.

(b) Y -sxicosi(y) i y(0) = L
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1. (Cont i nued) Sol ve each of the following differential equations or
initial value problens. |[If an initial condition is not given, display the
general solution to the differential equation.

(20 pts./part)

o

’y 2
Ix? +y = sec?(x)

(c)

(d) (4e2x+-y2)dx +(3y2 + 2xy)dy =0
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1. (Cont i nued) Sol ve each of the following differential equations or
initial value problens. |[If an initial condition is not given, display the
general solution to the differential equation.

(20 pts./part)

(e) (xsec|¥|+y)dx-(x)dy=0 ; y(1) =T
X [

() Woly-_2Z 0y -inea.
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1. (Cont i nued) Sol ve each of the following differential equations or
initial value problens. |[If an initial condition is not given, display the
general solution to the differential equation.

(20 pts./part)

(9) dy . %y = x?y 4 for x >0.

2. (10 pts.) Wrk the follow ng probl em which uses Hooke’s | aw

Be sure to state what your variables represent using conplete
sent ences.

I A 256 pound stone is attached to the lower end of a spring with a
fixed support. (The spring is vertical.) The weight stretches the spring
2 feet when in its equilibriumposition. |If the weight is then pushed up 8
inches and released at tinet = 0 with an initial velocity of 4 inches per
second directed downward, obtain the displacenent as a function of tine.

[ Assune free, undanped notion.]
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3. (10 pts.) (a) | f

y(x) =3 c,xn
obtain the recurrence fornula(s) satisfied by the coefficients of y above
if yis a solution at x, = 0 of the honbgeneous ODE

y” -xy’ -y =0.

(b) Compute the first five (5) coefficients of the power series solution
y, that satisfies the initial conditions y(0) =1 and y'(0) = 0.

4. (10 pts.) The equation
2x2y’" - xy’ + (x -5)y =0.

has a regular singular point at x, = 0. Find the indicial equation of this
ODE at x, =0 and determne its roots. Then, using all the information
now avai |l abl e and Theorem 6. 3, say what the general solution at x, = 0

| ooks like without attenpting to obtain the coefficients of the power
series functions involved. [Hi nt: Use ALL the information you have
avai l able after solving the indicial equation. Wite those power series
varmnts right carefully, folks.]
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5. (5 pts.) Suppose f,(x), f,(x),and f;(x) are the three solutions to
() y"-y=0
with
f.(0 =2, f,/(0) = 0o, f,"(0) = O
and
f,(0) =0, f,(0) = 1, f,(0) = 1
and
fs(0) =3, f;'(0) =-4, f3;"(0) =-4

Is this a fundanental set of solutions for (*)? Explain.

[Hint: You do not actually have to reveal the functions’ identities to answer this question!!]

6. (10 pts.) Usi ng only the Laplace transform nmachi ne, very
carefully solve the following first order initial value problem

y’/(t) -y(t) =f(t) and y(0) =0
wher e
LIt if 0<t <3

(1) =E3, if 3<t.
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7. (10 pts.) Usi ng only the Lapl ace transform machi ne, very
carefully solve the following first order initial value problem
9x (1) = y(t) = cos(t)
W
Jox(t) + y'(t) =sin(t)

x(0) =0 and y(0) =0.
Can you avoid spiraling out of control ??

8. (5 pt S. ) Merely, obtain the differential equation and any additional equations that the solution nust satisfy
to solve the followng word problem Do not attenpt to solve the differential equation. State what your variabl es represent
usi ng conpl ete sentences.

11 A large water tank initially contains 200 gallons of brine in which 15 pounds of salt is dissolved. Starting at
timet = 0 mnutes, a brine solution containing 4 pounds of salt per gallon flows into the tank at the rate of 3.5 gallons
per minute. The mixture is kept uniformby a mxer which stirs it continuously, and the well-stirred mxture |eaves the tank
at a rate of 4 gallons per mnute. How nmuch salt is in the tank at the end of one hour?//
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Ten Poi nt Bonkers Bonus: You nmay attenpt at nost one (1) of the
followng two extra-credit problens in order possibly to earn an additi onal
10 points. Cearly indicate which, if any, you are attenpting and where
your work may be found. These are not "one-liners". Sone explanation is
needed for each, and nere scratching will not be considered seriously.

Probl em A: Each polynom al with real coefficients,
p(x) =Zbkxk
k=0
=b, + byx + b,x?+ ... +b,_;x" +Dbx",

is the unique solution to infinitely many initial-value problens where the
ordinary differential equations are honbgeneous with constant coefficients.
otain an infinite sequence of initial-value problens where each ordinary
differential equation is honbgeneous with constant coefficients, the
initial conditions are at x, = 0, and the general polynom al, p, above is

t he uni que sol ution.

Pr obl em B: In a problemin Chapter 1, it was asserted that the initial-
val ue probl em

dy = yus
(*) ax |

y(0) =0
has infinitely solutions given by
0 , i1f x <
v {x) :{ [Z(x c)]32, if x>c

where ¢ 2 0. Determne which pairs (X, Y, in the xy-plane are such that
the VP (**) bel ow has a uni que solution and conpletely determ ne the

uni que solution in this case. Then show that for any other pair, (Xq Vo),
the corresponding I VP has infinitely many sol uti ons.

dy _ yu3
(**) BY

Y(Xo) = Yo



