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Read Me First: Show al | essential work very neatly. Use correct notation when presenting your conputations and
arguments. Wite using conplete sentences. Be careful. Remenmber this: "=" denotes "equals" , "O" denotes "inplies" , and
"<" denotes "is equivalent to". Do not "box" your answers. Conmmunicate. Show nme the all magic on the page.

1. (7 pt S. ) Locate and classify the singular points of the follow ng second order honpgeneous O D.E. Use

conpl ete sentences to describe the type of points and where they occur.
((x-4)2(x-1)2)y " + 4x(x-4)y’+(x-1)y = 0

An equi val ent equation in standard formis

Ax(x -4) y' x-1
(x-4)*(x-1)° (x-4)*(x-1)°

Fromthis, we can see easily that x, = 1 is an irregul ar singular point of
the the equation, and x, = 4 is a regular singular point. Al other real
nunbers are ordinary points of the equation.

y'" s y =0

2. (18 ptS) For parts (a), (b), and (c) below pretend that x, = 4 is a regul ar singular point for some
hombgeneous linear differential equation of the form

y"(x) + Py(X)y'(x) + Py(x)y(x) =0, with the ODE actually being different for each part. For each part, given the indicial
equation at x, = 4 provided, use all the information available and Theorem 6.3 to say what the two nontrivial linearly
i ndependent solutions | ook like without attenpting to obtain the coefficients of the power series involved.

(a) Indicial equation: (r - (1/5))(r - (1/5) =0

yi(X) = [x-4[¥>3 " c (x-4)"

Yo(X) = [x-4[95%7 d(x-4)" ~y,(X)In|x-4]

(b) Indicial equation: (r +(5/2))(r - (1/2)) =0

yi(x) = [x-4]Y2Y" ¢ (x-4)"

yo(X) = [x-4] 925" d (x-4)" + Cy,(x)Inix-4

(c) Indicial equation: (r - (3/2))(r + (2/3)) =0

Yi(X) = [x-4[32F" ¢ (x-4)"

V(X)) = [x-4] W3 d(x-1)r

Note: To deal with the bonus problem you should be able to very quickly
derive a trig identity for sin(a)cos(p) real-time from

si n(a+p)

sin(a-B)
Using it, it follows that 2-sin(3t)cos(t) = sin(4t) + sin(2t)],

sin(a)cos(B) + sin(p)cos(a)
and

sin(a)cos(B) - sin(P)cos(a).
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3. (15 pts.) (a) If f(t) and g(t) are piecew se continuous functions
defined for t = 0, what is the definition of the convolution of f with g,

(f*g) (1) ??
(f+9)(t) = [ F(x) g(t -x) dx

(b) Using only the definition of the convolution as a definite integral,
not sonme fancy transform shenani gans, conmpute (f*g)(t) when f(t) = e™ and

g(t) = e*.
(fxg)(t)

Jt f(x)g(t-x) dx = Jt e e3(tx dx
0 0
t|:|_ _ e7t _e3t
OE—... —T.
(c) Using the Laplace transformtable, conpute the Laplace transform of
f*g when f(t) =t -cos(t) and g(t) = t3%"'. [Do not attenpt to sinplify the
al gebra after conputing the transform]
HK(F~g)(t)}(s) -%E{f(t)}(S)%E{g(t)}(S)
Htcos(t)}(s) - Kte'}(s)
Us2-1 O 3l
E@S“l)zm[(sﬂ)“}

U
|
e3t Jt e4X dx - e3t E 1e4X)
0 O 4

4, (10 ptS.) (a) Suppose that f(t) is defined for t > 0. What is the definition of the Laplace transformof f,
e{f(t)}, interms of a definite integral ??

Kf(t)}(s) = J:f(t)e“ dt = IRiﬁTJORf(t)eS‘ dt

for all s for which the integral converges.
(b) Using only the definition, not the table, conpute the Laplace transform of

f(t)—EO’if 0<t <2
T, if 2<t.
I(}(s) = [f(e= dt - pr;‘ Oe = dt+LR4eSt dt }

provi ded s > 0.

linﬂ 4e > 4e%} _ 4e ™
S S S

Note: You may, of course, check your "answer" using #15 in the table.

R

Sill Yy 10 Poi nt Bonus: If you hold your nmouth just right and squint just so, you can eval uate the follow ng
inproper integral with less than ten pages of work:

J':Zsin(St)cos(t)et dt = ¢ 2sin(3t)cos(t) }(1)
= ¥ sin(4t) }(1) -+ Hsin(2t) }(1)
4 2 4 2 54

= + = + =

4212 2212 17 5 85’

The trigonometry you m ght have forgotten may be found on the bottom of
page 1. e.t.
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5. (15 pts.) suppose
y(x) = E::O Cnxn

is a solution of the honbgeneous second order |inear equation
y' +xy’+y =0.

Obtain the recurrence formula(s) for the coefficients of y(x).

First,
0=y +xy’ +y”

=Y c,x"+xY nc,x"t+ Y n(n-1)c, x"?2
n=0 n=1 n=2

=Y ¢ x"+ Y nc x"+ Y (n+2)(n+1)c, x"
n=0 n=1 n=0

= (Co +2¢)x% + Y [ (n+2)(n+1)c,,, + (n+1) c, ] x"

n=1
Fromthis you can deduce that c, = -c,/2 , and that for n > 1, we have

(n+1l)c, _ c

_ n

I E ) LG N A

6. (10 pts.)
Compute f(t) = LYF(s)}(t) when

_ 4 3s +4
R )

DUF(s)}(t) = z‘_‘rt‘l + 3cos(/5t) + \/igsi n(y5t)

_ 8s +7
(b)  F(s) = (53775

9H{F(s)}(t) = 8e3cos(5t) - _351_e3tsi n(5t)
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7. (7 pt S. ) The equation bel ow has a regul ar singular point at x, = 0.

"-(x-2)y’-2y =0

Theorens 6.2 and 6.3 inply that there is at |east one nontrivial solution of the form

yi(x) = |x|’ E::o CX"

and that the series converges for each x satisfying 0 < [x| < R for sone constant R > 0. \hat can you tell me about the
exact value of r for the ODE above? [ You need not concern yourself with the values of the c, s.]

To determine r, you need the indicial equation at x, = 0 and its
roots. Now the indicial equation is r(r-1) + p,sr + g, = 0 where

- (-1) (x-2) - 2| 2] _
Po = L1 mx [—37} 30 and do = 11mx ['3?} 0.

Thus, the indi ci al equationis r?2- (1/3)r =0, with roots r, = 1/3 and
r, = 0. Consequently, ther in questionis r; = 1/3. [You nay al so obtain
the indicial equation using Ross’s nethod.]

8. (10 pt S. ) The solution to a certain linear ordinary differential equation with coefficient functions

that are analytic at x, = 0 is of the form
00
x) =YY" cx"
y(x) o Cn

where the coefficients satisfy the foll owi ng equations:

1
(n+2)(n+1)c,, - n(n+1)c,, +c,=0 for all n=21, and c, = ~~Co.
Conmput e the numerical values of the coefficients ¢c,, ¢, Cc, ¢3; and c, for the particul ar
solution that satisfies the initial conditions y(0) =1 and y'(0) = -1
Here is a nore user friendly formof the recursive definition of the c.s:
n(n+1)c,., - C 1
Chip = ni " for all n>=1, and c, = -xc,.
(n+2)(n-1) 7z

Clearly, y(0) =1 inplies that ¢, =1 and y'(0) = -1 inplies that ¢, = -1. W may now use the known val ue of c, and the
second equation above to see that c, = -1/2. Then using the first equation with n =1 and n = 2, plus a little arithnetical
magi ¢ reveal s successively that ¢; = 0 and c, = 1/ 24.
9. (8 pt S. ) Transformthe given initial value probleminto an al gebraic equation in ¥9{y} and solve for ¥y}. Do

not take inverse transforms and do not attenpt to conmbine terms over a common denominator. Be very careful.
2y "(t) +3y’(t) +4y(t) =e>; y(0) =-3, y'(0) =2

Appl ying the Lapl ace transform operator to BOTH SI DES OF THE ODE,
using the two initial conditions, and then solving for the transformof y
shoul d reveal that

Ay(t)}(s) = [ 232}33+4H Lo -6 -5

[A common error: Failure to parenthesize the first and second derivative' s transformcorrectly.]

Sill Yy 10 Poi nt Bonus: If you hold your nouth just right and squint just so, you can eval uate the follow ng
improper integral with |less than ten pages of work:

J: 2sin(3t)cos(t)e* dt

Say where your work is, for it really won't fit here. Look on pages 2 and 1.



