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General directions: Read each problemcarefully and do exactly what is requested.

Full credit will be awarded only if you show all your work neatly, and it is correct. Wite conplete sentences, and use
notation correctly. What is illegible or inconprehensible is worthless. Since the answer really consists of all the magic
transformati ons, do not box your final result. Show nme all the magic on the page. Communicate. Eschew obfuscation.

1. (80 pts.) Sol ve each of the following differential equations or

initial value problens. |[If there is no initial condition, obtain the
general sol ution. [ 20 points/part]
(a) .g% +tan(0)r = 4cos3(0) This varmint is linear all day |ong, and

simlar to the assigned homework Problens 11 and 23, of Section 2.3. Near
O =0, an integrating factor is easy to cone by:

(@) = el'™®@® _ giniseca| - sec(0)

for 8 ¢ (-2, W2). Miltiplying both sides of the DE by pu results in the
foll ow ng derivative equation

d _ 2
.ag(sec(e)r(e)) 4 cos?(9).
The only problemwe m ght encounter is in doing the integration:
sec(0)r(0) = j a%(sec(e)r(e)) de - } 4 cos?(0) de
jz + 2cos(26) do

20 - sin(208) + C

Qobviously that involved a little Trig or Treat, without an identity crisis.
An explicit solution near 8 = 0 is given by

r(e) = (20 +sin(20) + C)cos(0).

(b)  (4y? +xy = x?)dx - (x?)dy =0

It’'s easy to see the ODE is honbgeneous, and that the degree of
honbgeneity is 2. Then wite the equation in the formof dy/dx = g(y/Xx)
by doing suitable al gebra carefully. After setting y = vx, substituting,
and doing a bit nore algebra, you will end up |ooking at the separable
equation

xdv - (1 +4v? dx =0
Separating variables and integrating | eads you to
[ __;E___dv - J.l dx = C.
1+ 4v? X
After doing that and evaluating the two integrals, you' |l obtain

1
2

An equi val ent explicit solution is sonething |ike

tan*l(Z(Xl)) ~In(x) =Cfor x >0 .

y(x) = _;_tan(Z(In(x) Q) for x >0.
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(c) (y%2 -m)dx ~(ye> +2y)dy =0

i 0 2@ 2x - 2X _ 0 2% . . .
Si nce _ay(y e + m) = 2ye _Hi(ye + 2y) , this equation is exact.

Thus, there is a nice function F(x,y) satisfying
aF — 2A 2x aF — 2x
(1) g% Cyer e m and (2) By ye + 2y .
It follows from (1) above that we have

(3) F(x,y) = [y - mdx - Y e« m +c(y) |

where c(y) is sonme function of y whose identity we have yet to determ ne.
Now using (2) and (3) together,

2x _ 0 y2 Xy _ 2x dc
ye¥ + 2y = (2-e¥ + ™ +c(y)) =ye> -+ (y) .
ay " 2 dy

whi ch inplies _gg(y) =2y . Integrating yields c(y) = y? + ¢, for sone
constant c,. Thus, F(x,y) = %;e2X+-nM +y%2+C,. A one-paranmeter famly

of inplicit solutions is given by
y2e2X+TD(+y2:C
_2_ )
where Cis an arbitrary constant.

(d) 5dy + ¥.= 20x3y 4 with y(1) = 2. The equation is obviously a

ax
Bernoul li equation. Since the DE is equivalent to the equation
4 dy 1,5 _ 3
5y ax +.Yy 20x3 ,
set v = y° Then dv _ 5y4dy : Substituting yields the |inear equation
ax X
dv 1, _ 3
_dY+7V 20x3

1
whi ch has = eJY'W =elnlxl = x for x > 0 as an integrating factor.
H g g

. . . . : d[ xv] _ 4 i
Mul tiplying the linear equation by p yields — I 20x* . Integrating
both sides, we have xv = 4x> + C. Replacing v results in a one-paraneter
fam |y of solutions that is given by xy®> = 4x> + C. By using the initial
condition, y(1) = 2, it follows that C = 28. Thus, an inplicit solution to
the VP is xy> = 4x> + 28. An explicit solution is given by

y(x) = (4x* + 28x1H)Y® for x > 0.
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2. (6 pts.) If the function f(x) =(x3+4m)e > a solution to the

dy 3y = g(x) , what nmust the function g(x) be??
ax

Doh!! This, of course, is cheap thrills. If f, above, is a solution
to the differential equation, then we nmust have

9(x) = S~ 3 ()

differential equation

(3x2e 3 - 3(x3 + 4n)e’”) + 3(x3® + 4m) e
3x2%e 3,

3. (6 ptS) It is known that every solution to the differential equation y” - 4y = 0 is of the form

vix) = c e+ c,e .

Wi ch of these functions satisfies the initial conditions y(0) =2 and y'(0) = 8 ??

The initial conditions lead to the system of equations

2= ¢t g . . . ¢, = 3
which is equivalent to
8 = 2c, - 2¢, c, = -1

The solution to the I'VP is given by

y(x) = 3e?% - 2%,

4, (8 pOI nt S) The follow ng differential equation may be solved by either performing a substitution to reduce it
to a separabl e equation or by performng a different substitution to reduce it to a honpbgeneous equation. Display the

substitution to use and performthe reduction, but do not attenpt to solve the separable or honpbgeneous equation you
obt ai n.

(2x + 3y +1)dx + (4x + 6y +1)dy =0
The key to this puzzle is the solution to the |linear system

2h = 3k L= which is equivalent to R
4h + 6k + 1 = q 2h+3k=—%’
geonetrically, a pair of parallel lines. Consequently, a suitable

substitution is given by z = 2x + 3y. After a little routine algebra, the
reduction results in the separable DE

(1 -2z)dx +(2z +1)dz =0

Bonkers 10 Point Bonus: G ve an exanple of an initial-value problemwith a first order ordinary differential equation and
infinitely many solutions. Then provide two distinct functions that are solutions and verify that each of the two functions
really is a solution to the |VP. [Say where your work is! You don’'t have room here!]

To get to the root of this, go back and do Problem 8 of Section 1.3.
Make sure you understand why Theorem 1.1 is not applicable. Em Toidi.



