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Read Me First: Communi cat e. Show al |l essential work very neatly and
use correct notation when presenting your conputations and argunents.
Wite using conplete sentences. Show nme the all magic on the page.
Eschew obf uscati on.

Test #:

1. (10 pts.) Locate and classify the singular points of the follow ng
second order honogeneous O D.E. Use conplete sentences to describe the
type of points and where they occur.

2

(x?+x)2y" + xy'+(x+1)y =0

An equi val ent equation in standard formis

"o X /4 x+1 - 0.
T T Gixe T (xxe 12
Fromthis, we can see easily that x, = 0 is a regular singular point of the
equation, and X, = -1 is an irregular singular point. Al other real

nunbers are ordinary points of the equation.

2. (15 pts.) (a) I'f f(t) and g(t) are piece-w se continuous functions
defined for t =2 0, what is the definition of the convolution of f with g,

(frg)(1)??

(fxg) (£) = fot F(x) glt-x) dx

(b) Suppose f(t) =6e’F and g(t) = 2e®

Using only the definition of the convolution as a definite integral, not
sonme fancy transform shenani gans, conpute (f*g)(t).

(Fxg) () = fot £(x) glt-x) dx = fot o3 nat* dx

= 6etfot 2e** dx =6e[(e™)]5] =. =6e’" -6ef

(c) Suppose h(t) =(rxg)(t), where £f(t) = t? and g(t) = sin(2¢)
Using the table, conpute the Laplace transform of h.
L{h(e)}(s) =L{(£xg) ()} (s) =L{L(t)}(s)Lig(E)} (s)

=L{t*} (s) *L{sin(2¢) } (s)

2

SB

2
s?+4

Silly Bonus Wrk: .t ot
1=f U Xzsin(z(t—x))e’”dx} dt
0 0

f‘”“‘t x?sin(2(t x)) dx}e‘“ de
Q 0

2

23

2
22 +4

L{(t?xsin(2t) )} (2) =
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3. (15 pts.) Suppose
yix) =YY" ¢,x”

n=Q
is a solution of the honbgeneous second order |inear equation
v/ -yl + x?y = 0.
Very neatly obtain the recurrence fornmul a(s) needed to determ ne the

coefficients of y(x). DO NOT SPEND TI ME ATTEMPTI NG TO GET THE NUMERI CAL
VALUES OF THE COEFFI ClI ENTS.

First,
0 = x*y - v/ + y/

x2Y e, x? - Y ne,x"t + Y n(n-1) ¢, x7*
n=a =1

= I n=2

= Z c,, X" = (n+l) ¢, x" + Z (n+2) (n+1)c, ,x"
n=2 n=0 n=0
= (2¢c, - c))x% + (6c, - 2¢,)) x* + Z [ (n+2) (n+1)c,., - (n+l)c,,, + c,, 1 x"
n=2

for all x near zero. Fromthis you can deduce that we have

— 1
N
c
c, = 75’ and
Cpesy = (1) Gy~ Gy for nz 2
e (n+2) (n+1)

4. (10 pts.) (a) Suppose that f(t) is defined for t > 0. What is the
definition of the Laplace transformof f in terns of a definite integral ??

UL (s) = [T retdl = lim [T r(yeta
R - =

for all s for which the integral converges.

(b) Using only the definition, not the table, conpute the Laplace transform
of

0, 1f 0<t<1
r(e) = .
2, 1f 1< ¢t.

QLIF(E)} (s) = fo“’ Flt)e st dr = lim

R - o

1 R .
f Oe st dt+f 2e St dt}
0 1

2e7°

-s -Rs
ce ” _ 2¢ = provided s > 0.

S

1im
R - =

Note: You may, of course, check your "answer" using #15 in the table.
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5. (10 pts.) The equation bel ow has a regul ar singul ar point at
X, = 0.

x2y” + 3xy’ + (x?-8)y =0

(a) Obtain the indicial equation for the ODE at X, = 0 and its two roots.
(b) Then use all the information avail able and Theorem 6.3 to say what the
two non-trivial linearly independent solutions given by the theorem | ook
like without attenpting to obtain the coefficients of the power series.

/1 To determne r, you need the indicial equation at X, =0 and its
roots. Now the indicial equation is r(r-1) + py + g, = 0 where

x?-8
2

2{} =3 and q, = 1im xz[
X2 x -0

- -8.

p, = 1lim x
x -0

X

Thus, the indicial equationis r?2 + 2r - 8 =0, with two roots r;, = 2 and
r, =-4. Consequently the two linearly independent solutions provided by
Theorem 6.3 |l ook |ike the foll ow ng:

v, (x) = |x|*)Y c,x? and vy,(x) = |x|*) d,x? + Cy, (x)1n|x]
n=a n=0
6. (10 pts.) Compute r(t) =9 *{r(s)}(t) when
(a)  F(s) - 58717 (work) 55417 _ 5(st2) +7
5%+4s5+13 (s+2)%+9 (s+2)*+37%

G I{F(s)} () =5e tcos(3t) + % e 2tgin (3 L)

(b) F(s) = ———— =

sZ+4s+4 (s+2)72

H{F(s)}(t) =5te™®

"Tis just the usual magic of nultiplication by "1’ in the correct formor
the addition of 0" suitably transnogrified with linearity tossed into the
m X.

7. (5 pts.) GCircle the letter corresponding to the correct

response: |If r(s) =49{tsin(bt)e?*} (s) ,then F(s) =

O - (b) i#}
S “ s2+b? s—-a ds| (s-a)?+b?>

(C) Zb(S*a) (d) 2bs [ 1 }
((S_a)2+b2)2 (SZ +b2)2 S —-a

(e) b } 1 (f) None of (a) through (e).
s? + b? (s—a)?

Qoviously (a), (d), and (e) are utter nonsense since the transformof a
product is NOT the product of the transforns. (b) is a near m ss since the
sign is wong. It turns out that (c) provides the correct answer.
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8. (15 pts.) Transformthe given initial value probleminto an al gebraic
equation in ¢{y} and solve for ¢{y}. Do not take inverse transfornms and do
not attenpt to conbine terns over a commopn denom nator. Be very careful.

v"(e) -6y’ (t) +5y(t) =0; y(0) =3, y'(0) =7

Appl yi ng the Lapl ace transform operator to BOTH SI DES OF THE ODE
using the two initial conditions, and then solving for the transformof vy
shoul d reveal that

1
Liy(O)(s) =| ————|[3s - 11]
S“-6S5+5
[A common error: Failure to parenthesize the first and second derivative' s transformcorrectly.]

9. (10 pts.) The solution to a certain linear ordinary differential
equation with coefficient functions analytic at x, = 0 is of the form

yi(x) =) c,x”
where the coefficients satisfy the foll ow ng equations:

-c, =0, c, + 3¢, - 6¢c, =0, and

(n-2)nc, , + C,;
c, = > for alln > 4.
. n(n-1)

Det erm ne the exact nunerical value of the coefficients ¢, c¢,, c, C¢C3 and
c, for the particular solution that satisfies the initial conditions
y(0) =1 and y'(0) = 0.

c, = y(0) =1 c, = y'(0) =0
c,at3cC
C? = O C3 = O 1 = i
“ 6 6
8c, +c, 0
C = 57 = PR :O
4 (4) (3) 12

Silly 10 Point Bonus: Wuld you believe that you have al ready done the
hard work in evaluating the follow ng i nproper integral ??

Y 2L _ -2t
I fo {fo x%sin(2(t-x)) e dx | dt
the nunerical value of 1?7 Say where your work is, for it mght not
fi
11
Toidi’s work is on the bottomof Page 1 of 4, for the obvious
reason. Well --- maybe not.



