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Read Me First:

Read each problemcarefully and do exactly what is requested. Ful
credit will be awarded only if you show all your work neatly, and it is
correct. Use conplete sentences and use notation correctly. Renmenber that
what is illegible or inconprehensible is worthless. Communicate. Good
Luck! [Total Points: 160]

1. (80 pts.) Sol ve each of the following differential equations or
initial value problens. |[If an initial condition is not given, display the
general solution to the differential equation.

(20 pts./part)

(a) (2xv -3)+(x>+4) Y =0, y(1) =2
dx
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1. (Cont i nued) Sol ve each of the following differential equations or
initial value problens. |[If an initial condition is not given, display the
general solution to the differential equation. (20 pts./part)

(c) X%{ -2y =2x%* ; y(2) =8

(d)  y” +y = ax?
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2. (8 pts.) Suppose that the Laplace transformof the solution to a
certain initial value probleminvolving a linear differential equation with
constant coefficients is given by
-(n/2)s
Diy(t)}(s) = & 7

s2 + 4

Wite the solution to the I'VP in piecew se-defined form

y(t) =

3. (12 pts.) Wthout evaluating any integrals and using only the table
provi ded, properties of the Laplace transform and appropriate function
identities, obtain the Laplace transform of each of the functions that
follows. (4 pts./part)

(a) h(t) = 4t?sin?(t) =
L{h(t)} (s) =
(b) ,
1, if 0< t<2
2, 1f 2< t< 4
r(t) = . =
3, if 4 < t<6
0, 1f 6 < t.
L{f(e)t (s) =
(c) .
(&) = 2t , 1f 0 < t£<5 _
J 10 , if 5< ¢t
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4. (10 pts.) Cbtain the recurrence fornula(s) satisfied by the
coefficients of the power series solutiony at x, = 0, an ordinary point of
t he honobgeneous ODE,

v -yl +2xy =0.

5. (10 pts.) (a) (4 pts.) Obtain the differential equation satisfied by
the famly of curves defined by the equation (*) bel ow

(b) (3 pts.) Next, wite down the differential equation
that the orthogonal trajectories to the famly of curves defined by (*)
satisfy.

(c) (3 pts.) Finally, solve the differential equation of
part (b) to obtain the equation(s) defining the orthogonal trajectories.

(*) y = e
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6. (10 pts.) The equation
x2y" + xy/ + (x2 - 1)y =0

has a regul ar singular point at x, = 0. Substitution of
y(x) =y c,x™, for x>0,

into the ODE and a half a page of al gebra yields
(r#-1)cex” = ((1+r)*-1)cx™ + Y ([(n+r)? - 1]c, + c,, )x"" = 0.

Using this information, (a) wite the formof the two linearly independent
solutions to the ODE given by Theorem 6.3 w thout obtaining the nunerical
val ues of the coefficients of the series involved, and then (b) do obtain
the the nunerical values of the coefficients ¢, ... , Cs to the first

sol uti on, yl( X), gl ven by Theorem 6. 3 when Co = 1. [Keep the parts separate.]

7. (10 pts.) Solve the follow ng second order initial-value problemusing
only the Lapl ace transform nachi ne.

v”(t) + y(t) =cos(t) ; y(0) =3, y/'(0) =2.



MAP2302/ Fi nal Exam Page 6 of 6

8. (10 pts.) (a) Gven f(x) = x is a nonzero solution to
(x*-1)y" - 2xy’ +2y =0,

obtain a second, linearly independent solution by reduction of order.
(b) Use the Wonskian to prove the two solutions are linearly independent.

9. (10 pt S. ) An 8-1b weight is attached to the Iower end of a coil spring suspended fromthe ceiling and cones to

rest in its equilibriumposition, thereby stretching the spring 0.4 ft. The weight is then pulled down 6 inches belowits
equilibriumposition and released at t = 0. The resistance of the mediumin pounds is numerically equal to 2x', where x' is
the instantaneous velocity in feet per second.

(a) Set up the differential equation for the motion and list the initial conditions.
(b) Solve the initial-value problemset up in part (a) to determine the displacement of the weight as a function of
time.
Bonkers 10 Poi nt Bonus: otain a condition that inplies that p(x) wll
be an integrating factor of the differential equation

M(x,y)dx + N(x,y)dy = 0

and show how to conpute p when that sufficient condition is true. Say
where your work is for it won't fit here.



