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Read Me First: Communi cate. Show all essential work very neatly and use
correct notation when presenting your conputations and argunents. Wite
usi ng conpl ete sentences. Show ne the all magic on the page. Eschew
obf uscati on.

Test #:

1. (15 pts.) (a) | f f(t) and g(t) are piece-w se continuous functions
defined for t > what is the definition of the convolution of f with g,

(f*g)(t)??
(fxg) f f(x x) dx

(b) Suppose r(t) = e’ and g(t) =2e°F

Using only the definition of the convolution as a definite integral, not
sonme fancy transform shenani gans, conpute (f*Qg)(t).

(fxg) f f(x (t-x) dx = fot e3x0a 5t Hgx

_ Ze—Etft 08 dx = 265t“'168x)
0 8

(c) Suppose h(t) =(fxg)(t), where f(t) = t’e?" and g(t) = e *‘cos(3¢)
Using the table, compute the Laplace transform of h.

S{h(t)}(s) =L{(f*xg) ()} (s) =L{L(E)} (s)L{g(t)} (s)

L{t e’} (s) "L{e " fcos(3¢t)} (s)

6
(s-2)4

s+5
(s+5)2+9

2. (10 pts.) The equation bel ow has a regul ar singular point at x, = 0.

x2y” - xy! + 8(x?-1)y =0
(a) Qotain the indicial equation for the CDE at X, = 0 and its two roots.
(b) Then use all the information avail able and Theorem 6.3 to say what the
two non-trivial linearly independent solutions given by the theorem | ook
like without attenpting to obtain the coefficients of the power series.
/1 To determine r, you need the indicial equation at x, = 0 and its
roots. Now the indicial equation is r(r-1) + pos + g, = 0 where

ﬂsxzs}

py, = 1lim x = -8.

x - Q

2

‘ﬂ = -1l and q, = lim x
X~ x -0
Thus, the indicial equationis r? - 2r - 8 =0, with tw roots r;, = 4 and

= -2. Consequently the two linearly independent solutions provided by
Theorem 6.3 | ook |i ke the foll ow ng:

X

x) = [x[*) c,x? and y,(x) = |x[* de + Cy, (x) 1n|x|

n=0 n=Q
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3. (10 pts.) Obtain the general solution to the follow ng |inear ODE
x?y" + xy' + 4y = 21n(x) with x> 0.
By letting x = e', and wW(t) = y(e'), so that y(x) = w(In(x)) for
x > 0, the ODE above transforns into the followng ODE in wWt):
w/(t) +4wWt) = 2t.

The correspondi ng honbgeneous equ.: w//(t) + 4w(t) = 0.

The auxiliary equation: nt +4=_(m+ 2i)(m- 2i) =0

Here's a fundanental set of solutions for the correspondi ng honbgeneous
equat i on: { cos(2t),sin(2t) }

The driving function of the transformed equation is a U C function.
By nmuttering the appropriate incantation and wavi ng your nagic witing
utensil over the exam vyou find that

_ 1
__2_t

is a particular integral. Consequently, the general solution to the
original ODE, the one involvingy, is

w(t)

y(x) =c,cos(2In(x)) +c,sin(2In(x)) +.%In(x) for x> 0.

4. (15 pts.) Suppose

— *® n
vix) = Zn:O c,x
is a solution of the honbgeneous second order |inear equation

v -6y’ + x?y = 0.

Very neatly obtain the recurrence formul a(s) needed to determ ne the
coefficients of y(x). DO NOT WASTE TI ME ATTEMPTI NG TO GET THE NUMERI CAL
VALUES OF THE COEFFI Cl ENTS.

First,
0 = y-—6y +AV
=XZZCX Z6ncx“l+2nnl
n=0
= Z c,,x" = 6 (n+1) X"+ Z n+2) (n+l)c,, x"
n=2 n=0 =0
= (2¢,-6c,)x° + (6c,-12c,) x* + Z (n+2) (n+l)c,., - 6(n+l) ¢,y + ¢, ,|x"

for all x near zero. Fromthis you can deduce that we have
c, = 3c;,

c, = 2c,, and

C = 6 (n+1) Cpa1 7 Chy

e (n+2) (n+1)

for n > 2.
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5. (10 pts.) (a) Suppose that f(t) is defined for t > 0. Wat is the
definition of the Laplace transformof f in terns of a definite integral ??

LIL(L) 3 (s) =fm r(t)e st dt = limfR F(E)e st dt
0 R-wJo
for all s for which the integral converges.

(b) Using only the definition, not the table, conpute the Laplace transform
of

0 , I1f 0<t<1
£(e) =

e<t , 1f 1 < t.

DLF(E) ) (s) = fo‘” Flt)e <t de = lin { fol 0e st dt+flR e?te st dr
R - »

-(s5-2) -R(s-2) -(s-2)
= 1lim | £ ( _ e = € ’ provided s > 2.
R - o S-2 S -2 S -2
6. (10 pts.) Conmpute r(t) =<9 *{F(s)} (L) when
(Work)
(a) F(g) = 25+12 Z 2(S+1)ﬁ + 19
S“+2s5+10 (s+1)“% + 3¢
F(E) = L {F(s)}(t) = 2e fcos (3¢) + lTOe’tsin(Bt)
(Work)
b Fls) = —=28*3 7 5, 21 using a pfd.
(b) s%2-6s5+9 s-3 (s-3)°2 gap

() =49 {F(s)}(t) =53 + 21 te>"

"Tis just the usual magic of nultiplication by 1" in the correct formor
the addition of 'O suitably transnogrified with linearity tossed into the
m X

7. (5 pts.) Locate and classify the singular points of the follow ng
second order honobgeneous O D.E. Use conplete sentences to describe the
type of points and where they occur.

(x?-4x)2%y" + (x-4)y'+ (x+1)y = 0
An equi val ent equation in standard formis

"o x-4 y/+ x+1 v =0.

(x(x-4))° (x(x-4))°
Fromthis, we can see easily that x, = 0 is an irregular singular point of
the equation, and x, = 4 is a regular singular point. Al other real
nunbers are ordinary points of the equation

v
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8. (15 pts.) Using only the Lapl ace transform machi ne, solve the
followng first order initial-value problem

vI(E) - 2y(t) = t2e?t,; y(0) =3 .

By taking the Laplace Transform of both sides of the differential
equation, and using the initial condition, we have

Dy () (s) - 2L{y(t)} (s) = L{t3>e?"} (9)

~ sy (£)}(s) -y (0) - 2Qiy ()} (s) = '
(s-2)*
- (s 2)Liy(t)t(s) =3 + — 2t
(s-2)1
3 3
= t - .
Ly ()} (s) = 2o v

By taking inverse transforns now, we quickly obtain

1

y(t) = 3e?t + —tde?t,

9. (10 pts.) The solution to a certain linear ordinary differential
equation with coefficient functions analytic at x, = 0 is of the form

yi(x) =) c,x”

where the coefficients satisfy the foll owi ng equations:

O
n

1
2 2

2

w

C'“rq - n+1
Hre (n+2) (n+1

Det erm ne the exact nunerical value of the coefficients ¢, c¢,, c, c¢c; and

c, for the particular solution that satisfies the initial conditions
y(0) = -2 and y'(0) = 1.

2

for n > 2.

(n+l)c,., - C,._
)

c, = y(0) = -2 c, = y/'(0) =1
C C
CA = _l = i 07 = fZ = i
2 2 ? 3 6
c = 3¢,7% _ 5/2 _ 5
‘ (4) (3) 12 24

10 Point Bonus ? : (a) Wth proof, give an exanple of an initial-value
problemat x, = 0 wwth a nonzero solution and the ODE |inear honbgeneous of
1t order, such that the Laplace transformof the IVP is a |linear CDE of 2"
order. (b) Provide the solution to the un-transforned 1 order | VP.

[ Say where your work is below, for there isn’t roomfor your work here.
See de-t 3-bo. pdf. ]



