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1. (85 pts.) Sol ve each of the followng differential equations
or initial value problens. Show all essential work neatly and
correctly. [17 points/part]

(a) (9y? + 1)dx + (9-sec(x))dy =0 This is separable as
witten. Since (a) is equivalent to the equation

(9y2 + 1) +(9-sec(x))% -0

and the polynom al 9y? + 1 has no real zeros, we see that there
are no constant solutions to be |ost by separating vari abl es.
Separating vari abl es yi el ds

9
(3y)*+1
Thus, a one-paranmeter famly of solutions is given by

}cos(x)dx + JT§V%7II

or after evaluating the antiderivatives,

cos(x)dx + dy = 0.
dy = C

sin(x) + 3-tan'*(3y) =C. //

You can actually obtain explicit solutions easily here.

(b) 3y’ + x'y = 6xy? withy(l) = -2, This is obviously a
Bernoul I'i equation. Since the DE is equivalent to the equation
2 dy 1,3 _
Wigg %Y T &%
set v =y3 Then 9V -3y29Y  gupstituting yields the Iinear
ax dax
equati on
dv 1., _
% +'7V = 6X ,

1 X
which has p = e{Td =el"xl =x for x >0 as an integrating
factor. Miltiplying the Iinear equation by p yields

d[ xv] _ 2
- 6Xx7? .

| ntegrating both sides, we have xv = 2x® + C. Replacing v
results in a one-paraneter famly of solutions, xy3® = 2x® + C
Using the initial condition, y(1) = -2, it follows that C = -10.
Thus, an inplicit solution to the IVP is xy® = 2x® - 10. An
explicit solution: y(x) = (2x? - 10xY) Y3 for x > O.



TEST1B/ MAP2302 Page 2 of 4

(c) (9x2 + y?)dx + (x? - xy)dy =0 It is not difficult to
see that (c) i1s honogeneous with the coefficient functions
honmogeneous of degree two. Since

dy _ _9x2+y?2 _ 9x2+y2 _ 9 + (y/x)?

ax XZ-Xy Xy —X 2 (y7x)y -1

-y _ dy _ dv . .
set v 7sothaty vxandTJIY V+X_c17' Substituti ng now

dv _ 9 +v?
ax v -1 °
equation by v - 1 and then doing a little additional al gebra
produces (v+9)dx - (x(v-1))dv =0 , a separable equation. [At

this stage, we can actually see that v = -9 is a constant
solution to the separable equation that will be |ost by
separating variables. The corresponding solution to (e):

produces Vv + X Mul ti plying both sides of this

y = -9x.] Separating variables and integrating yields
(1., (vl C [ (v+9) -10 4, _ [+« _ 10
C Jydx dev I n|x | JTQ_dV I n|x | Jl mdv.
Consequently, In|x| -v +10ln|v+9| =C . A one-paraneter famly
of inplicit solutions is given by In|x| —%+10In]% +9| =C.
(d) (ye¥ + 8x%dx + (xe¥ - 6y?)dy =0 Si nce

a Xy _ 3 — X Xy — a Xy _ 2 1 1
_aV(er 8x3%) =eX + xyeXw W(xey 6y?) , this equation

is exact. Thus, there is a nice function F(x,y) satisfying
oF _ . oxy 3 oF
(1) % yex + 8X and (2) By
It follows from (1) above that we have

= XeX - 6y? .

(3) F(x,y) = J yex + 8x3dx =ex + 2x4 + c(y) ,

where c(y) is sonme function that we have yet to determ ne. Now
using (2) and (3),

xew - 6y? = gv(exy + 2x% + c(y)) =xexw + gyc(y) :

whi ch inplies _gvc(y) = -6y? . Integrating nowtells us
c(y) = -2y® + ¢, for sone constant c,. Thus,

F(x,y) =eY¥ +2x* - 2y3 + ¢, .
A one-parameter famly of inplicit solutions is given by
ey +2x4 -2y3=c, where c is an arbitrary constant.



TEST1B/ MAP2302 Page 3 of 4

(e) 04 , for 0 < X < 2
y' +y =1f(x) , where f(x) = O
O02x , for 2 < x

and y(0) = -1.

Clearly the ODE is linear and has p = e* as an integrating
factor. W may cope with the piecew se defined function f by
dealing with a sequence of initial value problens whose

sol uti ons, when glued together, will provide the solution to (c).
[We shall | eave many of the details to you. They are quite
routine. Just tread very carefully.]

(1) y"+y =6 and y(0) =-1: Miltiplying the ODE by u, doing
the obligatory integration, and determ ning the constant of
integration leads to the explicit solution, vy(x) =4 - 5e~* for

x satisfying 0 < x < 2. [You really do need the explicit
solution here to be able to deal effectively,easily with the
initial condition of the next step.]

(rr)y y" +y = 2x and

y(2) =1lim _,y(x) =lim_, (4 -5e*) =4 -5e2 for 2 <x :
Multiplying by pleads us to diexy] . 2xe* . Then integrating
dx

by parts and multiplying by e* yields vy(x) =2x -2 +de>* for
sonme nunber d. Using the initial condition, y(2) =4 - 5e2 it
turns out that d = 2e? - 5, so y(x) =2x -2 + (2e?-5)e>* for

2 < X.
Thus, the solution to (c) is given by
_ |4 - 5e~* , 0sx<2
y(x) _{2x—2+(2e2—5)e'x, 2<x
2. (5 pts.) It is knowmn that every solution to the

differential equation y” + 4y = 0 is of the form
y = C;-Sin(2x) + c,-cos(2x).

Whi ch of these functions satisfies the initial conditions

y(mw4) =2 and y'(1W4) = -4 ?? [Hnt: Determne c, and c, by
solving an appropriate linear system Don’t waste tine verifying
y, above, is a solution.]

Since y(x) = c,-sin(2x) + c,-cos(2x) inplies that

y'(Xx) = 2c,-cos(2x) - 2c,-sin(2x), the initial conditions inply
that ¢, = 2 and ¢, = 2. Thus, the function that satisfies the
initial conditions isy = 2-sin(2x) + 2-cos(2x). //
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3. (10 pts.) (a) It is known that f(x) = x" is a solution to
the ordinary differential equation

(*) x¥" +3xy' - 8 =0

for certain values of the constant r. Determ ne all such val ues
of r.

Evidently f(x) = x" is a solution to (*) if, and only if
0 = -8x" + 3xrx"! + x?r(r-1)x?
= (-8 +3r +r(r-1))x’
= (r2 + 2r - 8)x'
= (r + 4)(r - 2)x" for every real nunber x.

Thi s happens precisely when it is true that r = -4 or r = 2.

(b) If the differential equation
(**) (Rx + Sy)dx + (Tx + Uy)dy =0
is exact, what nust be true about the constants R, S, T, and U?
If (**) is exact, then
_ 0 _ 0 _
S = _aV(Rx+Sy) W(Tx+Uy) T.

R and U may be arbitrary nunbers, totally unrel ated.

Silly 10 Poi nt Bonus: Frodo asked Gandal f, "Do you know of a
closed formfor the power series function

f(x) = Elek_gg(x - )k ?

| know the function is defined on the interval | =1[2,8)."
Gandal f stood silent for a few mnutes with a furrowed brow and
then replied, "O course. The closed formis an alias for the
function f, which is the solution to an initial value problemto
whi ch t he magi cal Fundanmental Theorem rmay be applied.” Then
Gandal f vani shed nysteriously after |eaving behind a rapidly
fadi ng cheshire cat grin.

Hel p Frodo.
(a) What is the easy to solve IVP ?? (b) Reveal to Frodo the
other identity of the function f. // Say where your work is here:



