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Read nme first: Read each problemcarefully and do exactly what
is requested. Full credit will be awarded only if you show all
your work neatly, and it is correct. Use conplete sentences and
use notation correctly. Be very careful. Renenber that what is
illegible or inconprehensible is worthless. Since the answer
really consists of all the magic transformations, do not box your
final result. Show ne all the magic on the page. Comuni cate.

1. (40 pts.) Sol ve each of the foll ow ng second order
differential equations or initial value problens. Be very
careful. Show all essential work. Do not wite nonsense.
(a) y" - 10y" + 25y =0

Auxi liary Equation: nf - 10m+ 25 = 0

A Fundanental Set: { e*, xe* }

General Solution: y = c,e% + c,xe*

(b) y" - 4y" - 21y =0
Auxi liary Equation: nf - 4m+ 21 = 0
A Fundanental Set: { e, e™}

General Solution: y = c,e™ + c,e*

(c) d3/dx® + 16(dy/dx) =0
Auxi liary Equation: n? + 16m= 0
A Fundanental Set: { 1, cos(4x), sin(4x) }

General Solution: y = c; + c,sin(4x) + cscos(4x)

(d) y" - 5y" =20 ; y(0) =-2, y'(0) =1

Correspondi ng Honbgenous Equation: y" - 5y’ =0

Auxi liary Equation: nf - 5m= 0

A Fundanental Set: { 1, e}

The driving function, f(x) = 20, is a U C function. An

prelimnary U C set is { 1}, but since "1" is part of the

conpl ementary space, an appropriate U C. set is { x }. Thus, we

try y,(x) = Ax, and find out that A = -4 by substituting y, into

(d) and equating coefficients. Thus, the general solutionis
y(Xx) = c; + Cc,e™ - 4x.

[Using variation of paraneters here is silly.]

Now, finally, applying the initial conditions provides us the
solution to the I.V.P.: y(x) = -3 + e>* - 4x,
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2. (5 pts.) The factored auxiliary equation of a certain
honbgeneous Iinear OD. E. with real constant coefficients is as
fol | ows:

m- m3%m- (1+7i))%m- (1-7i))% = 0

(a) (3 pts.) Wite down the general solution to the differenti al
equation. [WARNING Be very careful. This will be graded Ri ght
or Wong!!] (b) (2 pt.) Wiat is the order of the differenti al
equation?

(a): y = c; + c,e™ + coxe™ + c,x%e™ + c.e*cos(7x) + cge*sin(7x)
+ c,xe*cos(7x) + cgxe*sin(7x)
+ Cgox%e*cos(7x) + cyox2e*sin(7x)

(b): The equation is a tenth order ODE. Sinply | ook at the

degree of the polynom al making up the left side of the auxiliary
equati on.

3. (10 pts.) Gven that f(x) = sin(4x)is a solution of the
honbgeneous linear OD.E. y" + 16y = 0, wuse only the nethod of
reduction of order to find a second, linearly independent

sol uti on. [ WARNI NG No reduction, no credit!! Show all the
steps of this neatly while using notation correctly. The integral
formula for the second solution does not suffice.]

The substitution of y = v-sin(4x) into the equation and doing a
little algebra yields O = sin(4x)v" + 8-cos(4x)v'. Letting

w = vVv', and doing a bit nore algebra allows us to obtain

w' + 8-cot(4x)w = 0, a linear honogeneous first order equation
with integrating factor p = sin?4x). By using this
appropriately, we get w = c-csc?(4x). Thus , by integrating, we
obtain v = -(c/4) -cot(4x) + d. Consequently, by setting c = -4

and d = 0, we obtainy = cos(4x) ... no surprise, this.

[OF course you could also choose ¢ = -4 and d = 1 since the
function y = sin(4x) + cos(4x) is a linearly independent
solution. 1In fact, as long as ¢ is chosen to be nonzero, you

will get a linearly independent solution. Just conpute the
W onski an. ]
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4. (20 pts.) Using the nethod of variation of paraneters, not
t he met hod of undeterm ned coefficients, find a particul ar
integral, y, for the differential equation

y" - 5y’ = 10.
[Hnt: Read this problemtw ce and do exactly what is asked to
avoi d heartbreak!! Do not obtain y, using the nethod of
undet erm ned coefficients.]
Correspondi ng Honbgeneous: y” - 5y’ =0
A fundanental set: {1,e*}.

If y, =v;-1 + v,e™, then v," and v,’ are solutions to the
foll ow ng system

1-v," + e, =0
5e>v,’ = 10.

Sol ving the systemyields v, = -2 and v,' = 2e%. Thus, by
integrating, we obtain v, = -2x + ¢ and v, = -(2/5)e ™ + d.
Consequently, y, = v,-1 + v,e®™ = -2x - (2/5), after cleaning up
things. [You may 'drop’ -(2/5) fromy, Wy??]
5. (5 pts.) Consi der the |inear honbgeneous ODE
(**) y"(x) +sin(x)y'(x) + x’%(x) = 0.
Suppose f(x), f,(x), and f4(x) are three solutions to (**)
defined on the real line with

f, (1) =1 and f{(1) = -2;

f,(1) = -3 and f;(1) =6 ; and

f,(1) = -5 and f4(1) = 0.

Let A={f, f,}, B={f,, fg} , and C={ f,, f;}.

Wi ch of the above sets is a fundamental set of solutions and
which is not?? Explain how we know the difference. [H nt: You
m ght go wronskian, but |inear independence is the crux.]

The Wonskian for each pair of functions nay be conputed at
x = 1. Look at the initial conditions satisfied by the given
functions. These conputations follow

W, ) (1) = f,(1)f," (1) - f,(1)f,"(1) =0
WL, f3) (1) = f.(1)f3°(1) - f5(1)f,"(1) = 10
W, f3)(1) = f,(1)f3"(1) - f5(1)f,"(1) = 30

The theory surrounding the Wonskian allows us to deduce that A
is alinearly dependent set, Bis a linearly independent set, and
Cis alinearly independent set. So B and C are fundanental sets
of solutions and A is not a fundanental set of solutions.
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6. (10 pts.) Set up the correct |inear conbination of
undet erm ned coefficient functions you would use to find a
particular solution, y, for the OD.E

y" - 2y' = 10x%e* - 7cos(4x) - 32x.
Do not attenpt to actually find the nunerical values of the
coefficients!!// Since a fundanental set of solutions to the
correspondi ng honbgeneous equation consists of { 1, e* },

Yo = Ax®e® + Bx’e™ + Cxe* + D-sin(4x) + E-cos(4x) + Fx* + .

7. (10 pts.) (a) Ootain the differential equation and initial
condition needed to solve the follow ng word problem State what
your vari abl es represent using conplete sentences. (b) Next,
solve the initial value problem (c) Then, answer the |ast part
of the question. This wll probably involve a second equation
rel ati ng dependent and i ndependent vari abl es.

/1A large water tank initially contains 100 gallons of brine
in which 40 pounds of salt is dissolved. Starting at timnet =20
m nutes, a brine solution containing 5 pounds of salt per gallon
flows into the tank at the rate of 2 gallons per mnute. The
m xture is kept uniformby a mxer which stirs it continuously,
and the well-stirred mxture flows out at the sane rate. Wen
will the tank have a m xture contai ning 50 pounds of salt????//

(a): If x(t) denotes the amount of salt, in pounds, in the tank
at time t, in mnutes, then an initial value problem nodeling the
situation is this: x' =10 - (2/100)x with x(0) = 40.

(b) The differential equation may be viewed as separabl e or
linear. Consequently, you may use the techniques from Chapter 2
to deal with it and the initial condition. You may actually use
Chapter 4 techniques to solve this without integrating. The
solution to the I.V.P.: x(t) = 500 - 460e (Y30t ‘with t > 0.

(c) W have fifty pounds of salt in the tank at the time t, when
X(t,) = 50. Solving this equation yields t, = 50-1n(46/45).
Lagni appe: To get a very rough idea of how large t, is

wi t hout benefit of a hand cal culator, we can find a crude upper
bound on

| n( 46/ 45) = J“’"‘Et 1 gt
1

Since t't <1 onthe interval [1,46/45], In(16/15) < 1/45. This

neans that t, = 501 n(46/45) < 50/45 = 10/9 mnutes. This isn't
too horrid. 10/9 is roughly 1.111111 ..., repeating. Using the
natural log function on the silly calculator yields 1.098945336.

Silly 10 Poi nt Bonus: Evidently, { 1, e} is a fundanental
set of solutions for the honbgeneous |inear constant coefficient
CDE y”" - y' =0. Is there a linear second order ODE with
constant coefficients with { 3x, e} as a fundanental set of
solutions? Proof?? Say where your work is here:



