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Read Me First: Show al | essential work very neatly. Use
correct notation when presenting your conputations and argunents.
Wite using conplete sentences. Be careful. Renmenber this: "="
denotes "equal s" , "O" denotes "inplies" , and "<" denotes "is
equi valent to". Do not "box" your answers. Conmunicate. Show
me the all magic on the page. Test #:

1. (15 pts.) (a) Suppose that f(t) is defined for t > 0. What
is the definition of the Laplace transformof f, @{f(t)}, in
terns of a definite integral ??

Hf(t)}(s) = JO”f(t)estdt =Iirn?MJoRf(t)eStdt for each s for

whi ch the integral converges.

(b) Using only the definition, not the table, conpute the Lapl ace
t ransf or m of

: 4 >t >0

f(t) =

ood

2
2, t > 4.

Hf(t)}(s) =

fF(t)estdt
0
f(t)estdt + J""f(t)estdt
4
2estdt - J°°( -2) e stdt
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2. (10 pts.) Wt hout evaluating any inproper integrals and
using only the table provided, properties of the Lapl ace
transform and appropriate function identities, obtain the
Lapl ace transform of each of the functions that foll ows:
(a) f(t) = 8-cos?(4t) - 3t*-e”
f(t)}(s) = 4ls + (4s/(s? + 64)) + 3(4!)/(s-7)°
Not e: The needed trig identity is the follow ng:

cos?(0) = (1/2)(1 + cos(20)).
(b) g(t) = 10t ‘sin(3t) -e?

a(t)}(s) 109{ e (t -sin(3t))}(s)

10¢{ t 'sin(3t) }(s + 2)
10] 2(3)(s + 2) ]
[(s +2)2 +9]?

This may al so be handl ed using differentiation.
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3. (15 pts.) Very carefully solve the followng initial value
probl eminvol ving an Eul er-Cauchy O D. E. :

x?y"(x) - xy'(x) + y(x) = 10-1n(x)
y(1) =1, y'(1) =0

By letting x = e', and W(t) = y(e'), so that y(x) = wIn(x)) for
x > 0, the |IVP above transforns into the followng IVP in wWt):

w'(t) - 2w'(t) + w(t) = 10t
wo0) =1, w(0) = 0.

The correspondi ng honogeneous equ.: w'(t) - 2w'(t) + w(t) =0
The auxiliary equation: (m- 1)2=0

Here’'s a fundanental set of solutions for the correspondi ng
honbgeneous equation: { e', t -e'}

The driving function of the transforned equation is a U C
function. By muttering the appropriate incantation and wavi ng
your magic witing utensil over the exam vyou find that

w(t) = 10t + 20 is a particular integral. Dealing with the
initial conditions now or slightly later finally yields the
following: y(x) =-19x + 9% In(x) + 101 n(x) + 20.

4. (10 pts.) Transformthe given initial value probleminto an
al gebraic equation in 9{y} and solve for ¥{y}. Do not take
inverse transforns and do not attenpt to conbine terns over a
common denom nator. Be very careful
|.V.P.: y"(t) - y'(t) - 6y(t) = 4-sin(3t)cos(2t)
y(0) =1, y'(0) =-2

By taking the Laplace transformof both sides of the ODE and
using linearity, we have

y"()r(s) - Hy'(1)}(s) - 6{y(t)}(s) = 4d{sin(3t)cos(2t)}(s).
Consequent |y,

(s? - s - 6){y(t)} - sy(0) - y'(0) +y(0) = 4d{sin(3t)cos(2t)},
Since sin(3t)cos(2t) = (1/2)[sin(5t) + sin(t)],

49{sin(3t)cos(2t)} = [10/(s?+25)] + [2/(s?+1)]. Therefore,

- 1 _ 10 2
Ay(t)}(s) -(82_8_6)(5 .
Note: You should be able to very quickly derive a trig identity
for sin(a)cos(P) real-tinme from

g sin(a+B) = sin(a)cos(B) + sin(p)cos(a)
o sin(a-B) = sin(a)cos(PB) - sin(P)cos(a).
Look!!
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5. (10 pts.)

The equation x?-y" + x(x - 5)y’ + 8y = 0 has a regul ar
singular point at X, = 0. Theorens 6.2 and 6.3 inply that there
is at least one nontrivial solution of the form

yl(x) = ‘X ‘rzcnxn
n=0

and that the series converges for each x satisfying 0 < |[x| <R
for sone constant R > 0. \Wat can you tell nme about the exact
value of r for the ODE above? [ You need not concern yourself with
the val ues of the c, s.]

To determine the r in question, you need the indicial equation
for the ODE at x, = 0 and its roots. Now the indicial equation
is given by r(r-1) + po + gy = 0, where

Po = i mx[x(x-5)/x? = -5 g, = i mx?[(8)/x?] = 8
and .
X -0 X -0

Thus, the indicial equation is r?2 - 6r + 8 =0, withr
and r, = 2. Consequently, the r in questionis r, = 4. [The
solution corresponding to r, may involve a logarithmc term You
may al so obtain the indicial equation using Ross’s nethod.]

oots r, = 4

6. (15 pts.) For (a) - (c) below, suppose that x, = 3 is a
regul ar singular point of a honogeneous |inear differential
equation of the formy"”(x) + Pi(X)y'(x) + Py(x)y(x) = 0. For
each part, given the indicial equation provided, use all the
i nformation avail able and Theorem 6.3 to say what the sol utions
y, and y, look like without attenpting to obtain the coefficients
of the power series involved.

(a) Indicial equation: (r - (7/3))(r + (8/3)) =0

yi(x) = [x-3|73%7 ¢ (x-3)"
Yo(X) = [x=3[¥3) " d,(x-3)" + Cy,(x)In[x-3]
(b) I'ndicial equation: (r +(2/2))(r - 1) =0
yi(x) = [x-3[1Y7 c (x-3)"
Yo (x) = [x-3][ Y2y d (x-3)"
(c) Indicial equation: (r + m(r +mM =0

Yi(x) = [x-3[ %7 ¢ (x-3)"

YAx) = [x-3/ ™Y d(x-3)" « y,(x)In|x-3]
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7. (10 pts.) Conpute f(t) = LYF(s)}(t) when

(a) F(s) = (s—l)?sz+3) After doing a partial fraction

deconposition, you should be able to wite

f(t) :3185_—;;%%t)=.” = et - cos(y3t) —j%ﬁnhgﬂ

after using linearity in the obvious way.

8s + 7 . .
b F(s) =__=22 "'  Here we need onl i nvoke an appropri ate
(b) (8) = sy y pprop

avatar of zero, and squint just alittle to wite

0 -2 HP I - stz - Paraintn

after using linearity.

8. (10 pts.) If  y(x) = z:cnx” is a solution of the
n=0

differential equation y"” - 2xy' = 0, obtain the recurrence
formula for the coefficients of y(x). Wat are the val ues of
Co) Cqy...,C4 When y(x) satisfies the initial conditions y(0) =1

and y'(0) =-17?
0=-2xy’ +y/' = _ZXZ:=1 nc xnt - Z:=2 n(n-1) c xn2
Y 2next = Y7 (n+2) (n+l)c, X"

2C2 + Z::l [(n+2)(n+1) Cn+2 — 2nCn] X N

_ 2nc,

I GEAIGES R

0c,=0, and for n=>1, c,,

Soc,=y(0) =1, ¢, =y'(0) =-1, ¢, =0, ¢c; =-1/3, ¢, = 0.

9. (5 pts.) Locate and classify the singular points of the
foll ow ng second order honpbgeneous O D.E. Use conplete sentences
to describe the type of points and where they occur.

(X% - 4x* + 4x3)y" + x?%' + x(x + 2)y =0

2
Since P(x) = —X° _and P(x) = X(X*2) it s easy to see
that x = 0 is a regular singular point, and x = 2 is an irregular
singular point. Al other real nunbers are ordinary points of

t he equati on.

Under the table magic 10 point bonus: Reveal in gory detail how
#17, the Laplace Transformof f(t) =1t% is obtained. Were??



