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Ceneral directions: Show all essential work very neatly. Use
correct notation when presenting your conmputations and argunents.

Wite using conplete sentences. Be careful. Renmenber this: "="
denotes "equal s" , "O" denotes "inplies" , and "<" denotes "is
equi val ent to". Since the answer really consists of all the

magi ¢ transformati ons, do not "box" your final results.
Communi cate. Show ne all the magic on the page.

1. (15 pts.) Wite down the general solution to each of the
following |inear constant coefficient honbgeneous equati ons.

(a) y"(x) =2y’(x) -8y(x) =0
Auxi | iary Equation: nmf+2m-8 =0

General Sol ution: y = c,e™ + c,e*

(b) y"(x) -6y’(x) +9y(x) =0
Auxi liary Equation: nf-+6m-9 =0

General Sol ution: y = c,e¥ + c,xe¥*
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Auxi liary Equation: m+9n? =0

General Sol ution: y =C; + C,X + CgSiNn(x) + c,cos(Xx)

2. (10 pts.) The factored auxiliary equation of a certain
honmogeneous linear O D.E. with real constant coefficients is as
foll ows:

mm- m*m- (1+i))*(m- (1-i))* =0

(a) (5 pts.) Wite down the general solution to the differenti al
equation. [WARNING Be very careful. This will be graded Ri ght
or Wong!!] (b) (5 pt.) Wiat is the order of the differenti al
equati on?

y = C,+C,e™+Cc,Xxe™+c,e*sin(x) ~c,e*cos(Xx) +c,xe*si n(x) +c,xexcos(x)

The order of the differential equation is 7.
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3. (10 pts.) It turns out that the nonzero function
f(x) = e* is a solution to the honpgeneous linear O D.E.
y’'' -4y = 0.

Using only the nethod of reduction of order, obtain a second,
linearly independent solution to this equation.

[ WARNI NG No reduction, no credit!! Show all steps of this neatly
whi l e using notation correctly. You are being graded on the
journey, not the destination.]

Substitution of y = ve® into the equation and doing a
little algebra yields 0 = v" + 4v’'. [(Qbserve that you can renove
t he common exponetial varmnt!] Letting w= v', and perform ng
t he obvi ous substitution yields w + 4w = 0, a |inear honbgeneous
first order ODE with the integrating factor p = e®*. By using

this appropriately, we get w=ce*. Thus v = -(c/4)e*™ + d.
Consequently, by setting c =-4 and d = 0, we obtainy = e ...
no surprise, this. 1In fact, as long as ¢ # 0, you will obtain a

solution with f and y linearly independent. [Go conpute the
W onski an!!]

4. (15 pts.) Very carefully obtain the general solution to the
foll owi ng Eul er-Cauchy OD.E. for x > 0.
X2y "(x) + xy’(x) -y =x%

By letting x = e', and w(t) = y(e'), so that y(x) = w(lIn(x))
for x > 0, the ODE above transforms into the followi ng CDE in

wWt):
w/(t) - wt) =e*.

The correspondi ng honbgeneous equ.: w//(t) - wt) = 0.
The auxiliary equation: (m- 1)(m+ 1) =0

Here’'s a fundanental set of solutions for the correspondi ng
honobgeneous equati on: { et,etl}

The driving function of the transformed equation is a U C
function. By muttering the appropriate incantation and wavi ng
your magic witing utensil over the exam vyou find that

1
15

is a particular integral. Consequently, the general solution to
the original ODE, the one involving y, is

1
15

w(t) = e

y(x) =c,;x +cx 1+ X4,
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5. (10 pts.) Set up the correct |inear conbination of
undet erm ned coefficient functions you would use to find a
particular integral, y, of the OD.E

y’' +y =4x - 2xsin(x) + 7xex
First, the correspondi ng honbgeneous equation is
y'" +y =0.
whi ch has an auxiliarly equation given by 0 = nt + 1.
Thus a fundanental set of solutions for the corresponding

honogeneous equation is { sin(x), cos(x) }. Taking this into
account, we nay now wite

Yo(X) = A+Bx+Cxsin(x) +Dxcos(x) +Ex?sin(x) +Fx?cos(x) +Ge*+Hxe*
or sonething equivalent. Here is how the UC sets get built:

(a) For "4x" we need {1,x}. This is OK
(b) For "2x-sin(x)" we need

{sin(x), cos(x), x-sin(x), x-cos(x)}.
Unfortunately, the space generated by these functions
overl aps the conplenentary solution space in a nontrivial way.
Consequently, we nust use a nodification of the set above:
{x-sin(x), x-cos(x), x3sin(x), x?cos(x)}.

(c) For "7xe* we need { e*, xe*}. This is K

6. (15 pts.) Using the nethod of variation of paraneters, not
the nethod of undeterm ned coefficients, find a particular
integral, y, of the differential equation

y//+y/:4x
[Hint: Read this problemtw ce and do exactly what is asked to
avoi d heartbreak!! Do not obtain y, using the nethod of

undeterm ned coefficients. Do not waste tine getting the general
sol ution.]

Correspondi ng Honogeneous: y’/ +y’=0. F.S = {1 e*}.

If y, = vyl + v,e* then v,' and v,’ are solutions to the follow ng
syst em

O

Evf +exv, =0

E —e Xy, = 4x
Solving the systemyields v, = 4x and v, = -4xe*. Thus, by
integrating, we obtain v; = 2x? + ¢ and v, = -4xe* + 4e* + d.

Thus,
Yo = Vy + Ve =2x2 + [ ((-4x) +4)ex]e™ =2x? - 4x + 4.

[ You may actually drop the constant "4" at the end. Wy?? ]
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7. (15 pts.) Suppose

y(x) = X_;CnX”

is a solution of the honbgeneous second order |inear equation
y’' - 2xy’ = 0.

(a) Obtain the recurrence forrmula for the coefficients of y(x).
(b) Wiich of the coefficients nust be zero, no matter what the
initial conditions may be?

(c) If y(x) also satisfies the initial conditions y(0) = 0 and
y'(0) = 1, what is the nunerical value of cg ??

(a): First,

0 =-2xy’ +y”/
= -2xY) nc,x"* + Y n(n-1)c x"?
n=1 n=2

Y (-2m)c,x" + ¥ (n+2) (n+1) ¢, X"
n=1 n=0

=2c, + Y [(n+2)(n+1)c,,, - 2nc, ] x".
n=1

Fromthis you can deduce that c, = 0, and that for n > 1, we have
c - 2nc,
2 T2y (n-1)

(b): Since c, = 0, by using the recurrence fornmul a above, one can
safely guess that c,, = 0 for n > 1.

(c):
c, =y(0) =0, ¢, =y’(0) =1, ¢, =0, ¢c;,=1/3, ¢, =0,and c, = 1/10.

8. (10 pts.) (bt ain the unique solution to the foll ow ng
initial value problem

y(x) - y(x) =4
with
y(0) =2 and y’/(0) = -1.

The correspondi ng honogeneous equation: y’/(x) -y/(x) =0.

The auxiliary equation: 0 = nt - m=mm1l).
F.S={ 1, e }. The driving function is an easy UC varm nt. Set
Yo = AX. Substituting y, into the original CDE reveals A = -4.

General Sol ution: y(x) =c, + c,e* - 4x.

Solution to the IVP: y(x)

-1 + 3eX - 4x.

Silly 10 Point Bonus: btain a |linear second order ODE with a fundamental set of solutions given by
{ e, 1/x} Say where your work is!



