NANME: Em Toidi [Briefly] TEST2/ MAP2302 Page 1 of 4

General directions: Show all essential work very neatly. Use correct notation when presenting your conputations and
arguments. Wite using conplete sentences. Be careful. Remenmber this: "=" denotes "equals" , "O" denotes "inplies" , and
"<" denotes "is equivalent to". Since the answer really consists of all the magic transformations, do not "box" your final
results. Communicate. Show nme all the magic on the page.

1. (30 pts.) Qotain the general solution to each of the follow ng |inear
honbgeneous constant coefficient equations.

(a) y"(x) -3y'(x) -10y(x) =0
n?-3m-10 = (m+2) (m-5)

Auxi liary Equation: O

Roots of A.E.: m=-20r m=5

General Sol ution: y = c,e 2 + c,e’

(b) y”(x) -6y’(x) - 10y(x) =0
MP-6m=10 = ((m-3) +i ) ((m-3) =i )

Auxi liary Equation: O

Roots of A E.: m=3+i or m=3-i.

CGeneral Sol ution: y = c,e¥®cos(x) + c,e®sin(x)

d3y dty _
5 =0
(e) dx i dx
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Auxi liary Equation: O = nP+5m* = mf(m+5)

Roots of A.E.: m

Owithmultiplicity 4, or m= -5

General Sol ution: Yy =C; + C,X + CX?% + C,X3 + c,e ™™

2. (10 pts.) Find the unique solution to the initial value problem

dzy _ dy _ 5.x . - / _
Iz X 2e*; y(0) =1, y’(0) 1,

given that a fundanental set of solutions to the correspondi ng honbgeneous
equation is { 1, e} and a particular integral to the original ODE is
yo(X) = 2xex.

Hint: Save time. Use the stuff served on the platter with the cherry on top.
The general solution to the CDE is

y(x) =c, +c,ex + 2xex.

By using the two initial conditions now, you can obtain an easy to solve linear systeminvolving the two constants. Solving
the systemreveals that the solution to the initial value problemis

y(x) =4 - 3e*x + 2xe*.
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3. (15 pts.) Find a particular integral, y, of the differential equation
y’' +y =4sec(X).
Qoviously the driving function here is NOT a UC function. Thus, we
must use variation of parameters to nab the culprit.
Correspondi ng Honbgeneous: y’/ +y =0. F.S. = {sin(x), cos(x)}.

If y, = vicos(x) + v,sin(x) then v," and v," are solutions to the follow ng
syst em

Il
o

cos (x) Vl/ + sin(x) VZ/

-sin (x) vl/ + cos(x) V;)/ = 4gec (x)

Solving the systemyields v,” = -4tan(x) and v, = 4. Thus, by
integrating, we obtain

v, = “4ln|sec(x) | +c and v, = 4x + d.
Thus, a particular integral of the ODE above is
Y, = V,€08(X) + v,sin(x) = -4l n|sec(x) [cos(x) + 4xsin(x).

4, (10 pt S. ) Set up the correct |inear conbination of undetermned coefficient functions you would use to find a
particular integral, y, of the OD.E.

y'’ -4y’ + by = x?e?* + sin(x)e?,

[V\Arning: (a) If you skip a critical initial step, you will get no credit!! (b) Do not waste time attenpting to find the
nunerical values of the coefficients!!]

First, the correspondi ng honbgeneous equation is
y’' -4y’ + 5y = 0.

whi ch has an auxiliary equation given by 0 = nf - 4m + 5.

Thus, m=2 +i or m= 2 - i, and a fundanental set of solutions for the
correspondi ng honbgeneous equation is { exp(2x)cos(x), exp(2x)sin(x) }.
Taking this into account, we may now wite

Yo(Xx) = Ax%e ® - Bxe ™ + Ce > + Dxcos(x)e* + Exsin(x)e*
or sonet hi ng equi val ent.

Silly 10 Point Bonus: Let f(x) = x and g(x) = sin(x). (a) It is trivial
to obtain a 4th order honpbgeneous |inear constant coefficient ordinary
differential equation with f and g as solutions. Do so.
(b) It’s only slightly nmessier to obtain a 2nd order honobgeneous |inear
ordinary differential equation with { f , g } as a fundanental set of
solutions. Do so.
Hi nts: (a) Here one should expect that a fundanental set of solutions
should be { 1, x, sin(x), cos(x) }, arising fromthe auxiliary equation
nt(nf + 1) = 0. The constant coefficient equation has a famly
resenbl ance.

(b) Substitute f and g into the ODE

y" +p(x)y’ +a(x)y =0
to obtain a linear systemin p(x) and g(x). Find p and g and cl ean house.
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5. (10 pts.) The factored auxiliary equation of a certain honbgeneous
linear OD. E. wth real constant coefficients is as foll ows:

mm- 2m?(m- (5i))3%(m- (-5i))* =0

(a) (5 pts.) Wite down the general solution to the differential equation.
WARNI NG Be very careful. This will be graded R ght or Wong!!]

(b) (5 pt.) What is the order of the differential equation?
y =c¢C, + C,e?™ + c,xe?™ + c,sin(5x) + c,cos(5x)
+ CgX Sin(5x) + c,xcos(5x)
+ CgX?si n(5x) + cyx?cos(5x)
The order of the differential equation is 9.

6. (15 pts.) (a) Obtain the differential equation satisfied by the
famly of curves defined by the equation (*) bel ow

(b) Next, wite down the differential equation that the
orthogonal trajectories to the famly of curves defined by (*) satisfy.

(c) Finally, solve the differential equation of part (b) to
obtain the equation(s) defining the orthogonal trajectories. [These, after
all, are another famly of curves.]

(*) Xx2=2y -1 +ce?®d .

(a) Differentiating (*) with respect to x and then replacing c yields

2x = 29Y _ pcew Y
X X

ax ax
= dy — 2 _ 2ya -2y
—c|7<2 2(x2-2y+1)e%e %)
_ dy _ 2
HY<4y 2X )
Thus, a differential equation for the famly of curves is given by
dy _ X
ax 2y -x?
(b) An CDE for the orthogonal trajectories is now given by
dy _ x2-2y
ax T x
or equivalently,
dy 2., _
ax  x)

(c) This little first order linear equation has g = x?* as an integrating
factor. Using the standard recipe, a one-paraneter famly of solutions is
gi ven by

X2y = é; - K.

Not e: The Student Sol utions’s Manual has sone nonsense in its printed
solution of this varmnt.
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7. (10 pts.) It turns out that the nonzero function f(x) = exp(x) Is a
solution to the honogeneous |inear O D. E
(*) y'"" -y =0.
(a) Reduction of order with this solution involves making the substitution
y = veX
into equation (*) and then letting w=v'. Do this substitution and obtain

t he constant coefficient equation that w nust satisfy. (b) Qbtain a the
general solution to the CDE that w satisfies and then stop.

(c) Explain very briefly why v can be obtained fromw w thout actually
integrating. Do not attenpt to actually find v.

(a) If we have

y =vex ,
t hen
y/ =eXV/ +eXV ,
y// :eXV// +2er/ +eXV ,
and

y/// :eXV/// +3er// +3er/ +eXV .

Substituting y into (*) and then replacing v' using winplies that w nust
be a solution to

(**) w’ +3w +3w-=0.
(b) The auxiliary equation for (**) above is
n + 3m=+ 3 = 0.
By using quadratic formula, it is easy to see that the roots are
m- 3513
The general solution to (**), then, is

A _3, _ 3,
W = C,Cc0s( \/3x)e 2+ c,sin( \Ex)e z,

2 2
(c) The equation v' = wis a constant coefficient linear ODE with w
being a UC function. [ Look at w above, Fol ks! ] Consequently, we can

conpletely solve this ODE without perform ng any actual integrations.

Silly 10 Poi nt Bonus: Let f(x) = x and g(x) =sin(x). (a) It is
trivial to obtain a 4th order honbgeneous |inear constant coefficient
ordinary differential equation with f and g as solutions. Do so.

(b) It’s only slightly nmessier to obtain a 2nd order honobgeneous |inear
ordinary differential equation with { f , g } as a fundanental set of
solutions. Do so. [H nts are on Page 2 of 4.]

(a) y//" o+ oy = 0.

(b) (sin(x) -xcos(x))y’” - (xsin(x))y’ + (sin(x))y = 0.



