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Read Me First: Show al |l essential work very neatly. Use correct notation when presenting your conputations and
arguments. Wite using conplete sentences. Be careful. Renenber this: "=" denotes "equals" , "O" denotes "inplies" , and
"<" denotes "is equivalent to". Do not "box" your answers. Communicate. Show nme the all magic on the

page. Test #:

1. ( 10 pt S. ) Locate and classify the singular points of the follow ng second order honbgeneous O D.E. Use

conpl ete sentences to describe the type of points and where they occur.

x#(x-2)2y" + 2(x-2)y'+(x+1)y =0

An equi val ent equation in standard formis
2(x-2) y/ x+1

X?(x-2)°? X?(x-2)°?

Fromthis, we can see easily that x, = 0 is an irregul ar singular point of
the equation, and x, = 2 is a regular singular point. Al other real
nunbers are ordinary points of the equation

y'' o+ y = 0.

2. (15 pt S. ) Suppose

00
- § : n
y(X) - ChX
n=0
is a solution of the hombgeneous second order |inear equation

y'' -y’ +2xy = 0.

Very neatly obtain the recurrence fornul a(s) needed to deternmine the coefficients of y(x). DO NOT SPEND TI ME ATTEMPTI NG TO
GET ACTUAL COEFFI Cl ENTS.

First,
0=2xy -y’ +y”
= 2xy ¢, x" - Y nc x"* + Y n(n-1)c x"?2
n=0 n=1 n=2
=Y 2¢c,,;x" - Y (n+1)c ,x" = Y (n+2)(n+1)c, x"
n=1 n=0 n=0
= (2¢, - c)x° + Y[ (n=2)(n-1)¢c,, - (n=1) ¢, = 2¢, ,] X"
n=1

for all x near zero. Fromthis you can deduce that c, = ¢,/2 , and that
for n 21, we have

c - (n+1)c,., - 2¢c,,
n:2 (n+2) (n-+1)
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3. (15 pts.) (a) If f(t) and g(t) are piecew se continuous functions
defined for t = 0, what is the definition of the convolution of f wth g,

(f*g) (1) ??
(f+9)(t) = [ F(x) g(t -x) dx

(b) Using only the definition of the convolution as a definite integral,
not sone fancy transform shenani gans, conpute (f*g)(t) when f(t) = 3t? and

g(t) = 4t.
(f=g)(t) = JO‘ f(x)g(t-x) dx = JO‘ 3x2-4(t -x) dx

t
- L)‘ 12t x2 - 12x3 dx = (4t x5 - 3x4) |,

(c) Using the Laplace transformtable, conpute the Laplace transform of
f*g when f(t) =1t cos(t) and g(t) = exp(2t). [Do not attenpt to sinplify
the al gebra after conputing the transform]

H(T~9)(1)}(s) =L1(1)}(s) K g(t)}(s)

= tcos(t)}(s) -HKe?}(s)
_ Hs? =
S +1)2D{(5 2)}
4, (10 ptS) (a) Suppose that f(t) is defined for t > 0. Wat is the definition of the Laplace transformof f,

f(t)}, interms of a definite integral ??

Hf(t)}(s) = J“’f(t)est dt =IimJRf(t)eS‘ dt
0 R-oo |0

for all s for which the integral converges.

(b) Using only the definition, not the table, conpute the Laplace transform of

o, if 0<t <4
Ht) = %3 Cif 4<t.

K f(t)}(s) J f(t)es dt —anO“ Oe st dt+LR3eSt dt }

RS o

provi ded s > 0.

liml3e™® _3e™]_ 3e™
R S S S
Not e: You may, of course, check your "answer" using #15 in the table.
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5. ( 10 pt S. ) The equation bel ow has a regul ar singular point at x, = 0.

xzy - xy+ (x2+1)y =0

(a) Obtain the indicial equation for the ODE at X, = 0 and its two roots. (b) Then use all the infornation avail able and
Theorem 6.3 to say what the two nontrivial linearly independent solutions given by theorem | ook |ike w thout attenpting to

obtain the coefficients _of the power series involved. ] o ] ]
To determne r, you need the indicial equation at x, =0 and its
roots. Now the indicial equation is r(r-1) + po + g, = 0 where

0 X1 _ _ i 2 2+1D=
Po LLQ1X{§7} 1 and q, Ltg1x E?IT_E 1

Thus, the indicial equationis r? - 2r +1 =0, with a single root r, =1
wth multiplicity two. Consequently the two |inearly independent sol utions
provi ded by Theorem 6.3 | ook |ike the follow ng:

yi(x) = \X\lgcnxn and y,(x) = \X\zgdnxn + y(x) Inix |

6. (10 pts.) Compute f(t) =LY F(s)}(t) when

~ 7 (V\b_r k) 7
(@ FS) = meryr © s

LYF(s)}(t) = _;[ %t Ze(lIZ)t} - _]_ZGt 20 (U2t

(b) F(s) - _25-12 (Vork)  2s+12  _ 2(s+3) +6

$72-65-13 (5-3)2-4 (s-3)2-22

LYF(s)}(t) =2e3cos(2t) - 3e3sin(2t)

"Tis the usual prestidigitation of nultiplication by 1" in the correct
formor the addition of "0 suitably transnogrified. | nove that we table
the motion. Do | hear a second?

7. (5 pts.) Circle the letter corresponding to the correct
response: If F(s) =¢t?sin(bt)}(s) ,then F(s) =
21]. b . d 2bs
@ ] 5=y O Seal
d?2 b 2bs
i P d
(c) 75| 577 e G LE

(e) None of the above.

Qoviously (a) and (d) are utter nonsense since the transformof a product
is NOT the product of the transfornms. (c) is a near mss since the signis
wong. It turns out that (b) provides the correct answer.
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8. (15 pt S. ) Transformthe given initial value probleminto an algebraic equation in ¥y} and solve for ¥y}. Do
not take inverse transforns and do not attenpt to combine terms over a common denoninator. Be very careful.

3y /(t) - 5y’(t) + 7y(t) =sin(2t) ; y(0) =4, y'(0) =6
Appl ying the Laplace transform operator to BOTH SI DES OF THE ODE
using the two initial conditions, and then solving for the transformof y
shoul d reveal that

Hy(t)}(s) =[;H125 2. 2

3s?-55+7 s?+4

[A common error: Failure to parenthesize the first and second derivative' s transformcorrectly.]

9. (10 pt S. ) The solution to a certain linear ordinary differential equation with coefficient functions that are
analytic at x, = 0 is of the form

y(x) =37 c,xr

where the coefficients satisfy the follow ng equations:
-c, = 0, c, + 3¢, - 6¢, = 0, and
n(n+2)c, + ¢
Chip = ( ) C n! for all n=2.
(n+2) (n+1)

Det ermi ne the exact nunerical value of the coefficients ¢, c¢,, ¢, c3; and c, for the

particular solution that satisfies the initial conditions y(0) = 0 and y'(0) = 1.

c, = y(0) =0 c, = y'(0) =1
Cc,+3C 1
c, = 0 C; = _06_1=_2_
8c,+c, 1
c, = a3 S 1

Silly 10 Point Bonus: Wite the function
f(t) = cos®(bt)

as a linear conbination of sine and/or cosines actually appearing in the
Lapl ace transformtable provided. Say where your work is, for it won't fit
her e.
From Eul er’ s equati on you should have readily that
cos(bt) =.%[eibt + e*bt}.
From the binomi al theoremor Pascal’s triangle or whatever, you should
get

(a+b)®> = a® + 5a“b + 10a®b? + 10a?b® + 5ab* + b*.
Thus, with nuch weepi ng and gnashi ng of al gebraic teeth,

1 5 10

f(t) = cos®(bt) = 15 15 5

cos(5bt) + cos(3bt) + cos(bt).



