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St udent Nunber : Exam Nunber :

Read Me First:

Read each problemcarefully and do exactly what is requested. Ful
credit will be awarded only if you show all your work neatly, and it is
correct. Use conplete sentences and use notation correctly. Renenber that
what is illegible or inconprehensible is worthless. Communicate. Good
Luck! [Total Points: 160]

1. (80 pts.) Sol ve each of the followng differential equations or
initial value problens. |[If an initial condition is not given, display the
general solution to the differential equation.

(20 pts./part)

(8) ¥/ =y e x

k<b\1

+ v = sec (x) tan (x)

d
() 5
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1. (Conti nued) Sol ve each of the followng differential equations or
initial value problens. |If an initial condition is not given, display the
general solution to the differential equation. (20 pts./part)

(c) (X+ZY)+(2X+Y)%§ =0
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2. ( 10 pt S. ) Obtain the initial-value problemtogether with any additional equations that nay be needed to solve
each of the following problems. State clearly what your variables represent. Do not waste tinme attenpting to actually solve
the differential equations or initial-value problens you provide.

(a) 11 At 10 A M a person took a cup of hot instant coffee froma microwave oven in his kitchen and placed it on a
nearby counter to cool. At that instant, the coffee was at 180° F, and ten minutes later it was 160° F. Assune the
tenperature in the kitchen was a constant 70° F. What was the tenperature of the coffee at 10:15 A M? 11

(b) 11 An eight pound weight is attached to the |ower end of a coil spring suspended fromthe ceiling, and

comes to rest in its equilibriumposition, thereby stretching the spring 0.4 feet. The weight is then pulled down

inches below its equilibriumposition and released at t = 0. The resistance of the mediumin pounds is nunerically equal to
2x', where x' is the instantaneous velocity in feet per second. Assuming there are no externally inpressed forces, determ ne
the quasi period of the notion. Il

3. (15 pts.) Wt hout evaluating any integrals and using only the
tabl e provided, properties of the Laplace transform and appropriate
function identities, obtain the Laplace transform of each of the functions
that follows. (5 pts./part)

(a) h(t) = 4tcos?(3t) =

L{h(E)} (s) =

(b)

2, 1f 0 < t£XK
4 , 1f 1< ¢t
£le) = . -
5, 1f 2< ¢t 3
0, if 3 < t.
LIF(E)} () =
(c)
< £ <3

4t , 1f O
12 , 1f 3 < t.
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4. (10 pts.) (a) Qotain the recurrence formula(s) satisfied by the
coefficients of the power series solutiony at X, = 0, an ordinary point of
t he honbgeneous ODE

y// - ny/ =0.

(b) Conpute the first five (5) coefficients of the power series solution
y, that satisfies the initial conditions y(0) =1 and y'(0) = -1.

5. (10 pts.) The equati on
x?y" + 5xy! + (x%2 +4)y =0

has a regular singular point at x, = 0. (a) Find the indicial equation of
this OD. E. at x, = 0 and determine its roots. (b) Then, using all the

i nformati on now avail abl e and Theorem 6. 3, say what the general solution at
Xo = 0 looks like without attenpting to obtain the coefficients of the
power series functions invol ved.
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6. (15 pts.) Solve the follow ng second order initial-value problemusing
only the Lapl ace transform nachi ne.

v7(t) +9y(t) =3sin(3¢t) ; y(0) =2, y/(0) = 3.

7. (10 pts.) Suppose that the Laplace transformof the solution to a
certain initial value probleminvolving a linear differential equation with
constant coefficients is given by
e—ZS _ 26_53
s3
Wite the solution to the I'VP in piecew se-defined form

Liy(e)}(s) =

y(t) =
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8. (10 pts.) (a) Gven f(x) =e* is a nonzero solution to

(x-1)yw" - xy'"+y =0

obtain a second, linearly independent solution by reduction of order.
(b) Use the Wonskian to prove the two solutions are linearly independent.

Bonkers 10 Poi nt Bonus: You may attenpt at nost one of the followng 2
bonus problens. Cdearly indicate which one and where your work is.

(A) Suppose that the function r(x) =x*, where nis a positive integer,
is a solution to the honpbgeneous |inear constant coefficient equation

? (m-1 /! / -
(*) a,y™ +a_,vm™ + . +ay’+ayv +ay=0

where m> n. What can you say about the coefficients of the ODE, and what
can you say about its fundanmental set of sol utions?? Wy???

(B) Suppose that g(t) 1is continuous on the real line. Prove that

t .
F(t) =fo g(x)sin(t-x) dx

is a particular integral to the CDE

v/ (t) + y(t) = g(t)
that satisfies the initial conditions
y(0) = 0 and y/(0) =0

by direct conputation of the needed derivatives and substitution into the
appropri ate equations.



