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1. (80 pts.) Sol ve each of the following differential equations or
initial value problens. |[If there is no initial condition, obtain the
general solution. [20 points/part]

4 , 1if 0 <
2x , 1f 2 <

Clearly the ODE is linear and has p = e* as an integrating factor. W
really do not have to deal with this by handling a sequence of initial
val ue problens. W may sinply follow the usual algorithmfor solving first
order linear equations. O course there is a catch. W wll need to use
t he Fundanmental Theorem of Calculus to build an antiderivative for a piece-
wi se defined function along the way. The neat thing is that we may do so
and handle the initial condition simnultaneously.

To begin, nmultiply the ODE by p. Then we have

< 2

(c) v/(x) + y(x) = f(x) and y(0) = -1 where f(x) ={ jj

(*) % = e¥f(x)

for each x 2 0. Wre we to follow the usual algorithm we would end up
| ooki ng at sonething |ike

vix) = [ e¥f(x) dx + Cle™ .
This is unsatisfactory due to the presence of the nysterious antiderivative
[ exfx) dx .

Who is this nmysterious creature? And what is the appropriate value for the
constant C ??

Plainly, the functions on each side of equation (*) above are
continuous, and thus integrable. Consequently,

* d(y(t)e”) _ (X ¢
fo dt dt fo et f(t) dt
for each x = 0.
Si nce
[Fawibel) g - yoer - yio)e = y(xer - (-1
0 dt
we can obtain
(**) V(%) =Uxetf<r> de + (-1) |e* .
0

Al'l that is left to do is conpute the definite integral and then performa
little additional algebra.

Now observe that, since f above is piece-wi se defined, it follows that
the sane is true for f(t)e'. This neans that the eval uation of the
definite integral above will involve sone caseworKk.
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For reference, here is
4et , 1f 0 £ <2

2ttt , if 2

IN

etr(r) ={

IN
[y

First, if 0O < x <2, then
fxeff(t) dt:fx4etdt:4eX—4 .
Q Q

Consequently, applying equation (**) fromthe preceeding page, it follows
t hat

<
x
Il

Uxetf(t) dt + (-1) }e’x =[d4e* -4 + (-1) |Je* =4 -5e*.
0

Next, if 2 < x , then

fxe’-'f(t) dt =f etf(t) dt + fxetf(m dr
0 2

fﬁ set dr +fX2tefdt
0] 2

=4e? -4 + (2xe¥ - 2e¥) - (4e? - 2e?)

(2x - 2)e* + 2e? - 4
Agai n, applying equation (**) fromthe preceeding page, it follows that

V(%) :onetf(w dt + (-1) |e=*

= (2x-2)e* + 2e¢ -4 + (-1) e ™"

=2x -2 + (2e* -5 )e™™

Thus, the solution to (c) is given by
_ | 4 -5~ , 0 g x<2
v (x) {2X-2+(262—5)9X,2<X '

Question: Can we avoid all this casework?? Later in the course, we shall

| earn about the Laplace transform It can ease sone of the pain here, but
not for free. After considering the above, you m ght now begin to

appreci ate how the gluing together process found in the original answer key
m ght be sinpler --- or not. e.t.



