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Ceneral directions: Read each problemcarefully and do exactly what is
requested. Full credit wll be awarded only if you show all your work
neatly, and it is correct. Wite conplete sentences, and use notation
correctly. Since the answer really consists of all the magic
transformations, do not box your final result. Show me all the magic on
t he page. Communi cate. Eschew obfuscati on.

1. (80 pts.) Sol ve each of the followng differential equations or
initial value problenms. |If there is no initial condition, obtain the
general solution. [20 points/part]

(a) -%X'+ 4xy = 8xy 2 ; y(0) =2 This is obviously a
X
Bernoul I'i equation. Since the DE is equivalent to the equation
yBQ + 4dxy? = 8x ,
dx
set v = y* Then _gz'= 4y3§§f. Mul tiplying by 4 and then substituting
X X
yields the |inear equation
% + 1l6xVv = 32x ,

which has u = el _ e for all real x as an integrating factor.
Mul tiplying the linear equation by p yields
dle®v]
dx

I ntegrating both sides, replacing v, and determ ning the constant of
integration using the initial condition, plus a little additional algebra,

= 32xe® |

results in the inplicit solution: y% =2+ 14e® . An explicit solution:

S
4

yvix) = (2 + 14e78)

(b) (XSGC(%{ +y)dx—xdy=o

This is a honbgeneous equation. The degree of honbgeneity is 1
Thus, wite the equation in the formof dy/dx = g(y/x) by doing suitable
al gebra carefully. After setting y = vx, substituting, and doing a bit
nore al gebra, you will end up |ooking at the separabl e equation

sec(v)dx - xdv =0
Separating variables and integrating | eads you to

[ cosv) dv—fidx=c.
X
After doing that and integrating, you' ll obtain

sin(v) - In|x| = C

or an equival ent beast. You may then finish this by replacing v above with
y/x. If you are feeling feisty, get a famly of explicit solutions.
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(c) v/(x) + y(x) = f(x) and y(0) = -1 where f(x) ={ 4 .1t ;)fx<2

2x , 1f
Clearly the ODE is linear and has p = e* as an integrating factor. W may

cope with the piecew se defined function f by dealing with a sequence of
initial value problens whose sol utions, when glued together, wll provide

X.

the solution to (c). [W shall |eave many of the details to you.]

(ry y"+y =4and y(0) =-1: Mltiplying the OCDE by u, doing the
obligatory integration, and determ ning the constant of integration |eads
to the explicit solution, y(x) =4 - 5e* for x satisfying 0 £ x < 2.

[ You really do need the explicit solution here to be able to deal
effectively, easily with the initial condition of the next step.]

(Ir)y y"+y =2xand y(2) =1lim, -y(x) =1lim, - (4 - 5e ) =4 - 5e7*

for 2 < x: Miltiplying by pleads us to d(e*y)/dx =2xe* . Then
integrating by parts and nultiplying by e* yields y(x) =2x -2 +de* for
sonme nunber d. Using the initial condition, y(2) =4 - 5e? it turns out

that d = 2e2 - 5, s0 y(x) =2x -2 + (2e?-5)e* for 2 < x.
Thus, the solution to (c) is given by

v (x) = 4 - 5e™™ , 0 < x <2
2x - 2 + (2e’-5)e ¥, 2 < x
(d) (e?*y? - 2x)dx + (e**y)dy =0 ; y(0) =2
Si nce fi-(eZXyZ-—2xJ = 2ye?* = fz-(ezéy) , this equation is exact.
dy Ox
Thus, there is a nice function F(x,y) satisfying
(1) 9r e’*y? - 2x and (2) oF _ e’y .
ox ay

It follows from (1) above that we have

2
(3) F(x,y) = f_yzezx - 2x dx = éé—ezx - x% + cly) ,

where c(y) is sonme function of y whose identity we have yet to determ ne.
0 2 dc

i 2x = Y Y_ Xy _ 2 — 2x g
Now using (2) and (3) together, ye 8y( —e x4 + c(y)) = yes* + dy(y),
whi ch inplies {§§(yd =0 . Integrating yields c(y) = ¢, for sone constant
v
Co. Thus, F(x,y) =-y22e2X—-x2 +c, . A one-paranmeter famly of inplicit
solutions is given by yzeZX—-x2 =C. Using the initial condition to

determine Cresults in the inplicit solution X
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2. (6 pts.) For what values of mis the function r(x) =x" a solution

to the differential equation 4x?y” - 4xy’ + 3y =0 ? // It turns out f above
is a solution to the ODE above precisely when

0 =4ax*f" - axf’' + 3f = 3f - 4axf' + 4ax*f/
= 3x™" - Ax (mx™1) + 4x*(m(m-1)x™2%) = (3 - 8m + 4m?) x"
for all x. It follows that f is a solution to the CDE if, and only if

mis a root of the polynom al factor above. Finally,

0 =4m? - 8m + 3 = (2m - 1) (2m - 3) e m=1/2 or m=23/2.

3. (6 pts.) Every solution to the differential equation y” + 4y = 0 is of
the formy(x) = c sin(2x) + c,cos(2x) . Wiich of these functions satisfies
the initial conditions y(0) = 8 and y'(0) = 2 ??

I The initial conditions lead to the system of equations

¢, =

1
c, = 8

Z

8 = C') . . .
{ “ which is equivalent to {
2 = 2¢

The solution to the VP is given by

y(x) = sin(2x) + 8cos (2x)

4. (8 points) The following differential equation nmay be sol ved by either
perform ng a substitution to reduce it to a separable equation or by
performng a different substitution to reduce it to a honbgeneous equati on.
Di splay the substitution to use and performthe reduction, but do not
attenpt to solve the separable or honobgeneous equation you obtain.

(x -2y +1)dx + (4x -3y -6)dy =0
The key to this puzzle is the solution to the linear system
h-2k+1 =20 =3
4h -3k -6 =0 =2

Consequently, a suitable substitution is given by x = X+ 3 andy =Y + 2.
The substitution results in the honbgeneous DE

(X -2Y)dX + (4X - 3Y)dYy =0

. . . h
which is equivalent to { B

10 Poi nt Bonus: (a) The Fundanental Theorem of Cal cul us provides a neat
formal solution involving a definite integral with respect to the variable
t to the follow ng I VP:

1
1+x°?

obtain that solution. (b) By evaluating the definite integral in (a),
obtain an alias for the solution to the I VP. [say where your work is bel ow ]

(a) y(x) = 1+fxédt (b) y(x) = 1 +1n[y1+x? + x|

See Bonus Noi se, Testl, Spring 2006, in the Tonbs, for sone details. e.t.

vi(x) = and y(0) = 1.



