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St udent Nunber : Exam Nunber :

Read Me First: Read each problemcarefully and do exactly what
is requested. Full credit will be awarded only if you show all
your work neatly, and it is correct. Use conplete sentences and
use notation correctly. Mke your argunents and proofs as

conpl ete as possible. Be very careful. Read each question tw ce
and provide an answer to exactly what is requested. Renenber that
what is illegible or inconprehensible is worthless. Good Luck!

1. (10 pts.) What val ue(s) of the Boolean variables x and y
satisfy x + xy = x +y? [Hnt: Build a table.]

2. (10 pts.) Find the sum of - products expansion for the
function Bool ean function F defined by F(x,y) = x + xy.

3. (10 pts.) Wite the contrapositive and converse of the
statenent, "If dogs have wings, then fur will fly," and | abel
unanbi guously. VWich is equivalent to the original statenment?
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4. (10 pts.) G ve a recursive definition of the sequence {a,},
where n =1,2,3,.. if a, = 4n - 2. [Be very careful of the
guantification used in the induction step.]

Basis Step:

| nducti on St ep:

5. (10 pts.) Let f:Z - Z be the function defined by the fornula
f(n) = 2n - 1.

(a) Prove f is an injection.

(b) Is f a surjection? Proof??

(c) What is the range of f?

(d) What two infinite sets are reveal ed to have the sane
cardinality?

(e) Are these sets countabl e?

6. (10 pts.) G ve a recursive definition of the set S of
positive integers that are not divisible by 5. [Be very careful
of the quantification used in the induction step.]

Basi s Step:

| nducti on St ep:
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7. (20 pts.) A club has 50 nenbers with 40 males and 10
femal es. Show how to do the conputation that answers each of
the follow ng questions.

(a) How many ways are there to choose commttees consisting of
si x menbers of the club?

(b) How many ways are there to choose a president, vice
presi dent, secretary, treasurer, and parlianmentarian of the club?

(c) How nmany ways are there to choose commttees consisting of
four people if exactly three of the four nust be fenal e?

(d) How many ways are there to choose commttees consisting of
four people if none of them can be fenual e?

(e) How many ways are there to choose commttees consisting of
four people if at |east one nust be fenale.

8. (10 pts.) (a) The following is an invalid argunent:

"If a student has taken and passed a discrete math class with a
grade of at least a C, then the student may take a course in

al gorithns. Frodo has taken a course in algorithnms. Thus Frodo
has take and passed a discrete math cl ass.’

What is the nane of the popular fallacy exenplified by this
argunment ?

(b) The following is an invalid argunent:

"If x =5, then x2 = 25. x # 5. Thus x? # 25."

What is the nanme of the popular fallacy that this argunent
exenplifies?
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9. (10 pts.) Label each of the follow ng assertions with "true"
or "false". Be sure to wite out the entire word.

(a) The set of all integers that have a remai nder of 2 when
di vided by 5 is countable.

(b) The nunber of one-to-one functions froma set with 15
elements to a set with 8 elements is P(15,38).

(c) The coefficient of x°* in the expansion of (x + vy)° is the
nunber of 4 elenent subsets of an 9 el enent set.

(d) There is a one-to-one correspondence between the natural
nunbers and the irrational nunbers.

(e) The total nunber of ways to assign truth values to five
true-fal se problens by using the letters T and F with at | east
four of the answers being true is given by the sum bel ow.

1
I o5, k)

k=0

10. (10 pts.) Suppose that A and B are sets. G ve an el enent-
wi se proof of the follow ng using the definition of the terns
subset and uni on.

If AOB, then AO B O B.
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11. (10 pts.) Wat is the m ni num nunber of students required in
your Discrete Mathematics class to be sure that at |east 3 have
bi rt hdays occurring in the same nonth this year? Explain.

12. (20 pts.) A standard deck of playing cards consists of 52
cards divided into 4 suits of 13 cards each. There are 2 black
suits, spades and clubs, and there are 2 red suits, hearts and
di anonds. Each suit consists of 10 spot cards ranging from1l or
ace through 10, and 3 face cards: jack, queen, and king. A hand
in bridge consists of 13 cards.

For each of the follow ng questions, either provide an
appropriate integer or indicate unanbi guously how your answer
woul d be conputed or explain why the given assertion is true.

[ Correct notation involving conbinations or pernutations may be
used. ]

(a) How many bridge hands are there?

n =

(b) How many ways can Frodo arrange the cards in his bridge
hand??

n =

(c) How many bridge hands have exactly 3 cards of one kind,
e.g., 3 kings, or 3 aces, or 3 fives etc., with the remaining
cards in the hand distinct and different in kind so there are no
pairs??

n =

(d) How many bridge hands have exactly 6 distinct pairs?

n =

(e) Every bridge hand has at |east four cards fromthe sane
suit. Wiy? Wat magic principle applies here??
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13. (10 pts.) The set A ={1,2,3,4,5,6} may be partitioned into
the follow ng sets: {1}, {2,3,6}, {4}, {5}.

(a) What is the equivalence relation R defined by this partition?

(b) Draw a digraph representing this relation bel ow

(c) Explicitly list all the elenents of the follow ng set:

[2]r =

14. (10 pts.) Use mathematical induction to showthat if nis a
positive integer, then

Zn 21 = n(n+1)

1=1
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15. (10 pts.) Construct the ordered rooted binary tree
representing the followng identity:

((C- A n(C-B) =(C- (AIB)

16. (10 pts.) Suppose G = (V,,E) is an undirected graph with
adj acency matri x

oo
OO
RPROR
RPOREK
OO
Oooond

and G = (V,, E) is an undirected graph with adjacency matrix

go 0 1 10

go 0 1 10
g1 1 0 10
g1 1 1 0 O

Are G and G, isonorphic?? Either display an explicit graph
i somorphismg:V, - V, or display an invariant that one graph has
but the other doesn’'t have. [Hint: It may help to draw t hem]
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17. (20 pts.) The followng is a valid argunent:

"At | east one of five friends, Larry, Mwe, Curly, Samantha,
and Anitra, is not permtted to take a course in algorithns.
Every student who has taken and passed a discrete math class with
a grade of at least a Cis permtted to take a course in
algorithnms. Therefore, at |east one of the friends has failed to
take a course in discrete mathematics and pass with a grade of at
| east a C."

The validity of the argunment can be seen easily by
synbol i zi ng the argunent using propositional functions and
quantifiers as foll ows:

Define propositional functions as follows:

f(x) : "x is one of the friends listed."
d(x) : "x has taken and passed discrete math with at least a C."
a(x) : "x is permtted to take a course in algorithns."

Then the argunent translates into this:

(x) (f (x) ha(x))
(Ox) (d(x) - a(x))
0 (x) (f(x) 0d(x))

In the proof of validity which follows provide the m ssing
justification(s) for each step. You should explicitly cite rules
of inference and quantification, hypotheses, and precedi ng steps
by nunber.

1. (X) (f(x)Oa(x)) Justification:

2. (Ox) (d(x) - a(x)) Justification:

3. f(c)a(c) Justification:
4. d(c) - a(c) Justification:
5. -a(c)f(c) Justification: 3, Ois comutative.
6. -a(c) Justification:
7. f(c) Justification:
8. -d(c) Justification:
9. f(c)d(c) Justification:

10.  (X) (f(x) Ohd(x)) Justification:



