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Ceneral directions: Read each problemcarefully and do exactly
what is requested. Show all your work neatly. Use conplete
sentences and use notation correctly. Mke your argunents and
proofs as conplete as possible. Renenber that what is illegible
or inconprehensible is worthless. Test Nunber:

1. (15 pts.) Suppose matrices A, B, and C are as given bel ow

0 -2 8 O O-1-2 0 04 1 0O
A= [O 0 0 00O B= 0-2 10O C= 03-2 0O
O 0 1-7 O 0-3 -2 0 02 10
O0-4 1 O O1-2 0
Then
o 3 -1 0O
B+ C-= o1 -1 0O
Oo-1 -1 0O
0-3 -1 0O
o 8 -17 O
AC = g o 0 O
0-5 15 O
0-1-2-3-4 0O
B = O O
0-2 1-2 1 0O
2. (10 pts.) Truth or ... . Label each of the follow ng
assertions with "true" or "false". Be sure to wite out the

entire word.

(a) The nunber of one-to-one functions froma set with 15

elements to a set with 8 elements is P(15,38). Fal se
Answer :

(b) The nunber of one-to-one functions froma set with 8

elements to a set with 15 elenents is P(15, 8). True
Answer :

(c) The coefficient of x%® in the expansion of (x + y)® is the
nunber of 5 el enent subsets of an 8 elenent set. True

Answer :
(d) The coefficient of x%® in the expansion of (x + y)® is the
nunber of 3-permutations of an 8 el enent set. Fal se

Answer :

(e) The total nunber of ways to assign truth values to five
true-false problens with at |least 2 of the answers being true is
gi ven by

5
L C(5,k). True
=2

k Answer :
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3. (25 pts.) A standard deck of playing cards consists of 52
cards divided into 4 suits of 13 cards each. There are 2 black
suits, spades and clubs, and there are 2 red suits, hearts and
di anonds. Each suit consists of 10 spot cards ranging from1l or
ace through 10, and 3 face cards: jack, queen, and king. A hand
in draw poker consists of 5 cards.

For each of the follow ng questions, either provide an
appropriate integer or indicate unanbi guously how your answer
woul d be conputed or explain why the given assertion is true.

[ Correct notation involving conbinati ons or pernutations may be
used. ]

(a) How many draw poker hands are there?

n = C(52,5) or equivalent.

(b) How many ways can Frodo arrange the cards in his draw poker
hand??

n = P(5,5) = 5! or equivalent.

(c) How many draw poker hands have exactly 3 cards of one kind,
e.g., 3 kings, or 3 aces, or 3 fives, and two other cards that
are different fromthe three that are alike??

n = 13-C(4, 3) -C(48,2) or equivalent.

(d) Every draw poker hand has at |east two cards of the sane
suit. Why? What magic principle applies here??

Since there are 5 cards in a hand and only 4 suits, the nagical
pi geonhole principle inplies that there are at | east 2 cards
havi ng the sane suit.

(e) Suppose the deck is well shuffled, so we may safely assune
that the cards are randomy ordered. How many cards nust Frodo
be dealt fromthe top of the deck to ensure that he has 7 cards
fromthe sanme suit

n = 25 does the trick. This is an easy application of the
general i zed pi geonhole principle. Fromthe generalized

pi geonhol e principle, we need to find the small est positive
integer n so that I'n/4l = 7. Thus, n = ((7 - 1)*4) + 1 = 25 will
do.
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5 pts.) (a) Suppose f is a function defined recursively
0) =1and f(n+tl) = -2f(n) for n =0,1,2,3,.... Then

NNDNDN
—h —h —h —h
DO N

)
)
)
)

WN O

- 2 (

- 2 (

- ( -

- ( 1

(b) Gve a recursive definition for the sequence {a,},
u

v
where n =1,2,3,..., if a, = 6n. [Be very careful with the
tion

quantificati sed in the induction step.]
Basi s Step: a, = 6
| nduction Step: (On)(n ¢ N 5 a,, =a, + 6)

or equival ent, say sonething |ike
(OneN) ( a4y = @, + 6 ).

Not e: The set defining the universe of discourse nust be part of
t he i nduction step here.

(c) Gve arecursive definition of the set S of positive
integers that have a remainder of 2 upon division by 3. Be very
careful with the quantification in the induction step.

Basi s Step: 2 ¢S
| nduction Step: (IX)( x € S - x + 3 € S ) or equivalent.
Note: (IxX)(y)( (x e Sandy €¢S) - x+y €S) will not work

here. Wy?? 2 + 2 = 4 has a remainder of 1 upon division by 3,
not the required 2.//

6. (10 pts.) Use mat hematical induction to prove that a set
with n elements has n(n-1)/2 subsets containing exactly two

el ements whenever n is a positive integer greater than or equa

to 2.// Formally, let P(n) denote the propositional function "A
set with n elements has n(n-1)/2 subsets containing exactly two

el ements. " We shall use induction to verify the truth of P(n)
for positive integers n = 2. [P(n) is actually true for n > 1.11]
Basis Step: Qoserve that a set wwth 2 elenents has exactly 1

subset with 2 elenents, and 1 = (2-(2 - 1))/2. Thus, P(2) is
true.
| nductive Step: Suppose n is an arbitrary integer that is greater
than or equal to 2, and pretend that P(n) is true. Let S be an
arbitrary set with n + 1 elements. Pick an elenment x, fromS.
The set S - {x,} has n elenents. The two el enent subsets of S
either contain x, or they do not. The two elenent subsets of S
that do not contain x, are two el enment subsets of S - {X,}. From
t he i nduction hypothesis, there are n(n-1)/2 of these. The two
el ement subsets of S that do contain x,, may be built by taking
X, and one elenment fromS - {x,}. So there are n 2 el enent
subsets of S that contain x,. |In total there are [n(n-1)/2] + n
=n(n+l)/2 = ((n+l) -((n+1)-1))/2 subsets of S that have 2
el ements. Since, for arbitrary n = 2, we have verified
P(n) - P(n+l), after applying U G, we have satisfied both the
hypot heses for induction.

An application of nodus ponens conpl etes the proof.//
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7. (10 pts.) Using a conpl ete sentences, correctly nane the
fallacy exenplified by each of the follow ng invalid argunents.
(a) "If x is any real nunber with x > 3, then x? > 9.

Suppose that x < 3. Then x? < 9."

This is the infanmous fallacy of denying the hypothesis. [Sone
logic texts call this the fallacy of denying the antecedent.]

(b) "If x is any real nunber with x > 3, then x? > 9.
Suppose that x> > 9. Then x > 3."

This is the infamous fallacy of affirm ng the conclusion. [Sone
logic texts call this the fallacy of affirm ng the consequent. ]

8. (15 pts.) This is a valid argunent: "All dogs are
carni vorous. Sonme aninmals are dogs. Therefore sonme aninmals are
carnivorous.” The validity of the argunment can be seen easily by
synbol i zi ng the argunent using propositional functions and
gquantifiers as foll ows:

Def i ne propositional functions as foll ows:

D(x) : "X 1s a dog." C(x) : "X I's carnivorous."
A(X) "X 1s an aninmal."

Then the argunent translates into this:
(Ox) (D(x) - C(x))

(1X) (A(x) OX(x) )

0 (Dx) (A(x) D)) o |
In the proof of validity which follows

provide the mssing justification(s) for each step. You should

explicitly cite rules of inference and quantification,

hypot heses, and precedi ng steps by nunber. [Note: The |ower case

latin letters "a,’b’,’c’ denote individuals in the universe of

di scour se. ]

1. (Ox) (D(x) - C(x)) Justification: Hypot hesi s
2. (IX) (A(x) OD(x)) Justification: Hypot hesi s
3. A(c) OD( c) Justification: 2, Existentia

| nstanti ati on
4. D(c) - C(c) Justification: 1, Universa

| nstanti ati on
5. D(c) CA(c) Justification: 3, Ois comutative.
6. D(c) Justification: 5, Sinplification
7. C(c) Justification: 4, 6, Mddus Ponens
8. A(c) Justification: 3, Sinplification
9. A(c) OC( c) Justification: 8, 7, Conjunction
10. (X)) (A(x) OC(x)) Justification: 9, Existential

General i zati on



