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Thermoelastic plate with fractional rotational forces

Model formulation

Let 6 € [0, 1]. Consider the thermoelastic plate equations

Boyit + A%y + aAz =01in Q x (0, 0)
Zt — kAZ — Ay =01in Q x (0, 00)

1
y(0)=y’ eV, y(0)=y'€Hy=D(BE), 2z(0)=2"¢H,

where Byu = u + (—A)’u, with the boundary conditions:
(Hinged plate/Dirichlet temperature):

z=0, y=0, Ay=00nX =990 x(0,00),

or, else
(Clamped plate/Dirichlet temperature):

z=0, y=0, 9,y=00n%X=0Q2x(0,00).
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Thermoelastic plate with fractional rotational forces

Brief literature

@ Lagnese (1989): proved the exponential stability of the semigroup
associated with a Kirchhoff thermoelastic plate with free boundary
conditions, provided that extra boundary damping mechanisms
are added to the system.
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Thermoelastic plate with fractional rotational forces

Gevrey regularity

Question: Given that the semigroup associated with the
Euler-Bernoulli thermoelastic plate (¢ = 0) is analytic, and the one
associated with the Kirchhoff thermoelastic plate (¢ = 1) is not analytic,

what can be said about the semigroup associated with the
intermediate model 0 < 6 < 17
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Thermoelastic plate with fractional rotational forces

Gevrey regularity

Vi = H3(Q) N H{(Q), Hy=H’(Q) = D(Be%),
W=H}(Q), Vo=HQ), H=L3Q)

Louis Tebou (FIU, Miami) Thin elastic plates... fractional rotational forcetAnalysis Seminar, Clemson , 01/20/2021



Thermoelastic plate with fractional rotational forces

Gevrey regularity

Vi = H3(Q) N H{(Q), Hy=H’(Q) = D(Be%),
W=H}(Q), Vo=HQ), H=L3Q)

Forj=1, 2, we introduce the Hilbert space Hy; = V; x Hy x H over
the field of complex numbers, and we endow it with the norm given by
(notice that the norm is the same in both cases):

1
l(u, v,w)||§:/ {|Au|2+|Bgv|2+g|w|2} adx.
Q
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Thermoelastic plate with fractional rotational forces

Gevrey regularity

y y°
SetZ=| y; |andZ°=[ y' |.

z 20
The System may be rewritten as:

Z—-AZ=0 in(0,0), )
Z(0) = 2°,

where the unbounded operator matrix Ay is given by

0 / 0
Ag=| -B;'A2 0 -—aB;'A

0 BA kA
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Thermoelastic plate with fractional rotational forces

Gevrey regularity

Theorem 1: Gevrey regularity

For every 6 € [0, 1], the linear operator Ay generates a strongly
continuous-semigroup of contractions (S (t))s>0 on the Hilbert space
Hojj=1, 2.

Furthermore, for j = 1, 2, and for every 6 in (0, 1/2) the semigroup
(Sp,j(t))t=0 is of Gevrey class ¢ for every 6 > %, as there exists a
positive constant C such that we have the resolvent estimate:

2-460 . _
INZ0 [|(IM = Ag) Ml2gy) <C, VAER. (@)

Thus, the semigroup (Sy j(t))r>0 is infinitely differentiable on H, ; for all
t>0.
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Thermoelastic plate with fractional rotational forces

Gevrey regularity: Proof

We rely on sufficient condition involving the resolvent estimate along
the imaginary axis provided by Taylor in his Thesis (UMN, 1989). Let

b e Rwith |b| > 1, U= (f,g,h) € Hyj, and let Z = (u, v, w) € D(Ap)
such that

(ib— Ag)Z = U.

It suffices to prove:

bE7(Zls < GollUllg, Vb € R with [b] > 1.
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Thermoelastic plate with fractional rotational forces

Main ideas
1) Rewrite (ib — A4p)Z = U as

ibu—v=f,
ingV—i—AzU-i-(XAW: ng,
ibw — kAw — AV = h.

2) Decompose the heat component as: w = wy + ws, with

ibwy — Awy = h, ibwo = KAW + BV — Awy
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Thermoelastic plate with fractional rotational forces
Main ideas
One checks
1b]|wi |2+ [b]2][wi || + |Awi |2 < CollU]lp-
and

16l[[Wal [ -2() < ColIWlz2 + V]2 + [wil2) < Co(l|Zllo + [b]~"[|Ullo)-
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Thermoelastic plate with fractional rotational forces
Main ideas
One checks
1bl|wilz + b]2||wil[w + |Aws |2 < Col |U]]o-
and
|b1IWe2[-2(0) < CollWlz + V]2 + [wa]2) < Co([[Zllo + b~ ||U]lo)-
Lions’ interpolation
2 1 2
1bi[Wal < Colb31bWal[5 -2 W2l 5
leads to

2-46 2-46
|b] 2= |w|p < e|b|z=7 ||Z]|g + Cc[|Ullp, Ve > 0.
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Thermoelastic plate with fractional rotational forces

Main ideas
3) One decomposes the velocity component as v = vy + v» with
ibByvy — Avy = Byg, ibByvo = —N%u — aAw — Avy.
Proceeding as in the case of the heat component, one checks
IbIIB§V1I2 +[bI2|v1llw < Col|Ullo
and

[bl[[vallrer-2() < Col|Aul2 + Wiz + [vi2) < Co(l|Zllo + [bI~']|U]lo)-
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Thermoelastic plate with fractional rotational forces

Main ideas
Using interpolation inequalities, one then derives

|b|”|52V2|2<€|b| 711Z|lp + Cel|Ullg, V= >0,

and
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Thermoelastic plate with fractional rotational forces

Main ideas
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Thermoelastic plate with fractional rotational forces

Main ideas
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4) Finally, using the equation iByv 4+ A?u + aAw = Byg, one shows

b7 |Aulp < €lb| 77 ||Z[|g + C||U[lp, Ve > 0.
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Thermoelastic plate with fractional rotational forces

Main ideas
Using interpolation inequalities, one then derives

|b|”|52V2|2<€|b| =7(|Z|lg + C:l|Ullp, Ve >0,

and
IbIHIBQVIz<er\ =0(|Z|g + C.||U[lg, Ve>O.

4) Finally, using the equation iByv 4+ A?u + aAw = Byg, one shows

b7 |Aulp < €lb| 77 ||Z[|g + C||U[lp, Ve > 0.

The claimed estimate then follows.
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Thermoelastic plate with fractional rotational forces

Lack of Analyticity

Theorem 2: Lack of Analyticity

Assume that the hinged boundary conditions hold. For every 6 € [0, 1],
the strongly continuous semigroup (Sy.1(f)):>0 is exponentially stable
on the Hilbert space Hy 1. More precisely, there exist positive
constants M and w such that:

1S0.1(Dll £(31.4) < Mexp(—wt).

However, the semigroup (Sy1(t)):>0 is not analytic; more precisely, for
every 6 in (0, 1], and every rin ((2 — 20)/(2 — ), 1], we have :

lim sup [A|"||(IAM = Ag) ™| £ (3, ) = 00

A|—=o0
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Thermoelastic plate with fractional rotational forces

Proof of lack of analyticity

Letd € (0,1]. Letr € ((2—26)/(2 — 6),1]. We are going to show that
there exist a sequence of positive real numbers (bp),>1, and for each
n, an element Z, € D(Ay) such that:

Iirr;O by =00, ||Zallo =1, nIme b, |(ibn — Ag)Zn||lg = 0

n—

Indeed, if we have sequences b, and Z, as above, then we set

Vn — b;r(lbn - A@)Zn, Un —

Therefore ||Up||lp = 1 and

1
. riin 1
nILET;Oan(Ibn AQ) UnH9 ILEEO an”0

)

which would establish the claimed result, thereby completing the proof
of Theorem 2.
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Thermoelastic plate with fractional rotational forces
Lack of analyticity
For each n > 1, we introduce the eigenfunction e, with |e,|> = 1 and:

_Aen = Wnen |n Q
en = 0on 9.

It is a well-known fact that (wp) is an increasing sequence of positive
real numbers with nIi_}m wp = 0o. We seek Z, in the form
o0

Z, = (anén, ibnanen, chen), with b, and the complex numbers a, and ¢,
chosen such that Z, fulfills the desired conditions.
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Thermoelastic plate with fractional rotational forces

Lack of Analyticity

Let v and u be two nonzero real numbers satisfying:
2(+% + p?) = 1.
For some large enough Ny, to be specified later, and for n > Ny, set:

bn . Wn i,BWnan

- 5 Wnan:Mn+i’Yn, Ch = - -
1/1+wr97 I+K\/1+Wz

Now, we shall specify what i, and v, are. To this end, introduce the
sequence of real numbers

af
42(1 + x2(1 + wh)) +aB)’

rn:—
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Thermoelastic plate with fractional rotational forces

Lack of Analyticity

Now, r, goes to zero as n goes to infinity, for any positive 6, and v and
[ are nonzero, there exists a positive integer My such that both

numbers 72 + r, and 2 + r, are positive for each n > Mjy; we choose
Ny = My, and set

pn =tV W2+, =tV +

Louis Tebou (FIU, Miami) Thin elastic plates... fractional rotational force/Analysis Seminar, Clemson , 01/20/2021



Thermoelastic plate with fractional rotational forces

Lack of Analyticity

Now, r, goes to zero as n goes to infinity, for any positive 6, and v and
[ are nonzero, there exists a positive integer My such that both

numbers 72 + r, and 2 + r, are positive for each n > Mjy; we choose
Ny = My, and set

pn =tV W2+, =tV +

With that choice, we have for every n > Ny:
«
120115 = whlanl® + B5(1 + wp)lan|® + Blcnl2
2 2
+77)
— (2 2 aﬂ(:un n

2 .2
+9° +2m)
— (12 + ~2) 4 4r, apf(p
(= +77) + 40+ 14+ rk2(1 + wh)

=1.
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Thermoelastic plate with fractional rotational forces

Lack of Analyticity

0
(ibn — A0)Zo = | (12 — BB(1 +w))an — cwnci] By e
I./anwnanen + (Ibn + H(A)n)Cnen
0
== _O[CUnCnBe_1 en y
0

Louis Tebou (FIU, Miami) Thin elastic plates... fractional rotational force/Analysis Seminar, Clemson , 01/20/2021



Thermoelastic plate with fractional rotational forces

Lack of Analyticity

lim b ®"[[(ibn — A,) Zol 5

1 2b—2r 2 2
o 2p—2r, 2 2/1n" 3 2 a“bp wn‘cn’
_n||_>moooz b, “"wplcn|%| B, en|2_n||_>n;ow
232b, 2 wB (12 + 2 —2r+0r, 2-20
=1l a®B2bn " wi (1 + 75) 0 a?BRuwy a2

n—oo (1 4+ k2(1 +wf))(1 +wf) n—oo 2K2
-0,

provided that

2-2
2—-20—-r(2—-0)<0, or r>T:.
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Plate with fractional rotational forces and damping

Model formulation

Boyy + a2y + b(—A)y; = 0in Q x (0, 00),
y0)=y’ecV, w0)=y'cH

where a and b are positive constants, ¢ and § are nonnegative
constants with

6 €[0,1]and ¢ € [0, 2].

1
The operator By is given by Byu = u + (—A)’u, and Hy = D(BE). The
boundary conditions are:

(Hinged plate): y =0, Ay =0o0nX =99 x (0,00), or, else
(Clamped plate): y =0, 9,y =00on % =09Q x (0, 00).
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Plate with fractional rotational forces and damping

Brief literature

Responding to two conjectures of Chen and Russell (1982), Chen and
Triggiani considered the following abstract evolution system

yit + Ay + By; = 0in (0, 00)
where A and B are unbounded operators of some Hilbert space H with
aA* < B < apA*, for some constant p € (0, 1],

They proved that the underlying semigroup is

@ analytic for % < u <1, but not analytic for 0 < u < % though

differentiable, (1989)

@ of Gevrey class ¢ for all § > 21—“ for 0 < pu < %, (1990)
In fact, the Gevrey class result generalizes the work of Taylor (1989),
where the author discusses Gevrey semigroups, and illustrates his
work with several examples including the case B = 2pA* for some
positive constant p.
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Regularity

Analyticity

Theorem 3

For every § € [0,1] and § € [0, 2] the linear operator Ag 5, (j = 1, 2),
associated with the plate equation, generates a strongly continuous
semigroup of contractions (Sy 5 ;(t))t>0 on the Hilbert space H, j,
j=1, 2.

Furthermore, for j = 1, 2, we have: For every 6 in [0, 1] and every § in
[1+(0/2),2], the semigroup (Sy,5(t))t=0 is analytic, as there exists a
positive constant C such that the following resolvent estimate holds:

Al H(i)\/—Ag@j)q HE( <C, VAR

Ho )
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Regularity

Gevrey regularity

Theorem 4

For every 6 in [0, 1] and every 4 in (6,1 + (6/2)), the semigroup
(So,5j(t))e=0 is of Gevrey class « for every a > 52=%:, as there exists a
positive constant C such that we have the resolvent estimate:

| )\

I)\/—AQ(SJ) C VAeR.

H L(Hgj)
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Regularity

Lack of analyticity

Theorem 5

Assume that the hinged boundary conditions hold. Then for every

6 € (0,1], and every ¢ in (0,1 + (6/2)), the semigroup (Sps1(t))t>0 iS
not analytic on the Hilbert space Hy 1. More precisely, for every r in
(2(6 —6)/(2—0),1], we have :

limsup [A|"

[A| =00

(W—%NWM%ﬂ:m
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Stability

Exponential stability

Theorem 6

For every 6 € [0, 1], and every ¢ in [0, 2], the strongly continuous
semigroup (Sy,5(t))i>0 is exponentially stable. More precisely, there

exist positive constants K and ¢ such that:
1S0.6,/(Dl 2(3,,) < Kexp(=£t), Vt=>0.

Proof method: frequency method based on Huang (1985) or Pruss
(1984) exponential stability criterion.
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Stability

Polynomial stability

Theorem 7

For every 6 € (0, 1], and every ¢ in [0, #), the semigroup (Sy(t))t>0 is
not exponentially stable. However, the semigroup is polynomially
stable, so that there exists a positive constant Ky with:

KollZ°|pag.5.)

Hse,é,j(t)zo|\£(ﬂg,1) £ 20
(1 AL t)2(0—5)

, VZ° € D(Ays)), Yit=0.

Furthermore, in the hinged boundary conditions case, the polynomial
decay rate is optimal. More precisely, for every r in
[0,2(0 —0)/(2 — 0)), we have :

limsup [A|~"

[A| =00

(X = Ags1) " HE(Hm) = 00

Proof method: freauencv method based on Borichev-Tomilov (2010)

Louis Tebou (FIU, Miami) Thin elastic plates... fractional rotational force:Analysis Seminar, Clemson , 01/20/2021




Some comments

Some comments

In the first part of this talk, we are able to prove that the semigroup
corresponding to the thermoelastic plate model with rotational forces
involving the spectral fractional Laplacian is of Gevrey class
d>(2-0)/(2—40)forall 0in (0,1/2); this is also valid for the hinged
or clamped plate. The case 6 in [1/2,1) remains open, though
Theorem 2 shows that the semigroup fails to be analytic for all 8 in

(0, 1] in the case of a hinged plate. Our work shows that analyticity
occurs only for the Euler-Bernoulli model, corresponding to # = 0, at
least for hinged boundary conditions.
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Some comments

Some comments

Though Theorem 2 shows exponential stability of the semigroup for
hinged boundary conditions for the plate and all values of 6 € [0, 1], in
the case of clamped boundary conditions, we were able to get the
exponential stability of the semigroup only for 6 € [0, 1/2], by using our
resolvent estimate; the case 0 € (1/2, 1] remains open. Also, the
regularity issue for the most general case where all operators are
fractional remains open; see Liu-Racke (2020) for the stability issue in
the Euler-Bernoulli case, with the fractional operators appearing in the
coupling.
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Some comments

Some comments

In the second part of the talk, we state the following results: the
underlying semigroup is:

@ analytic for all #in [0,1] and ¢ in [(2 + 0)/2, 2],

@ not analytic for all in [0,1] and d in (6, (2 + 6)/2),

© of Gevrey class a > (2 —0)/2(5 — 6) for all # in [0, 1] and

0<o<(2+6)/2.

We also prove that for each admissible value of 6, the semigroup is
exponzerltially stable for § > 6, and only polynomially stable, with rate

O(t 20-97), for 6 < 6, when 6 > 0. In particular, in the hinged plate
case, we show that the polynomial decay rate is optimal, and we also
show that the resolvent estimates for both analyticity and Gevrey class
regularity are sharp.
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Final Thought

And if anyone thinks that he knows anything, he
knows nothing yet as he ought to know.

THANKS!
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