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Model equations and some earlier works

Model equations

Consider the following system

Q2u—dAu=g,inQr=Qx(-T,T),
O2ur +do,u—SArur =gr, u=uronlTh=T"x(-T,T),
u=0o0nT2 =r2x(-T,T),

(U(=T), ur(=T)) = (to, To) in Q@ x T'"

(Qeu(=T), drur(—=T)) = (ty, Ty) in Q x .

T > 0, Q= bounded domain in RN, N > 1,

u denotes the amplitude of the wave in €, while ur represents the
amplitude of the wave on I'", g € L2 (Q7), gr € L? (T'}) are some
source terms, and § > 0, d > 0 are constants.
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Model equations and some earlier works

For each s € N, set

HE, = {u e H°(Q);u=0o0n Ty},
Vi ={(uur) € HE, x H'(I");u=uronT'}.

It can be shown that the given dynamical system has a unique weak
solution couple

(u,ur) € C([-T, T]; Vs) N C'([-T, T]; H),

where V5 = V! and H = L2(Q) x L2(T).
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HE, = {u e H°(Q);u=0o0n Ty},
Vi ={(uur) € HE, x H'(I");u=uronT'}.

It can be shown that the given dynamical system has a unique weak
solution couple

(u,ur) € C([-T, T]; Vs) N C'([-T, T]; H),

where V5 = V! and H = L2(Q) x L2(T).
Further, if Q is, say, C''', and the initial data are smooth enough, then

(u,ur) € C (=T, T VE) N C (=T, T V).
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Some earlier works

The model at hand is closely related to the model of waves with
acoustic boundary conditions. Those models have attracted a lot of
attention as far as well-posedness (Goldstein et al, Lasiecka et al, C.
Gal,...), feedback control( M. Cavalcanti et al, Lasiecka et al, Mufioz

Rivera et al,...), controllability (Avalos-Lasiecka, A. Heminna,...) are
concerned.
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Some earlier works

The model at hand is closely related to the model of waves with
acoustic boundary conditions. Those models have attracted a lot of
attention as far as well-posedness (Goldstein et al, Lasiecka et al, C.
Gal,...), feedback control( M. Cavalcanti et al, Lasiecka et al, Mufioz
Rivera et al,...), controllability (Avalos-Lasiecka, A. Heminna,...) are
concerned.

In particular, the authors dealing with feedback control or controllability
relies on multiplier techniques a /a Lions-Komornik. But this approach,
though very flexible, is inefficient when lower order terms are present
in the equations; the Carleman estimates are the tools of choice in
dealing with the presence of lower order terms.
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Model equations and some earlier works

The technique of Carleman estimate was introduced by Carleman in
1939 in the context of unique continuation for an elliptic equation in R2.
This technique was later refined and generalized to general second
order operators by the works of e.g. Hormander, Nirenberg, Calderén,
Kenig, Tataru, Ruiz in the context of unique continuation for the
Cauchy problem, and Isakov, Klibanov et al, Imanuvilov, Yamamoto et
al in the context of inverse problems.
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Model equations and some earlier works

The technique of Carleman estimate was introduced by Carleman in
1939 in the context of unique continuation for an elliptic equation in R2.
This technique was later refined and generalized to general second
order operators by the works of e.g. Hormander, Nirenberg, Calderén,
Kenig, Tataru, Ruiz in the context of unique continuation for the
Cauchy problem, and Isakov, Klibanov et al, Imanuvilov, Yamamoto et
al in the context of inverse problems.

In particular, contributions involving Carleman estimates for hyperbolic
equations include works by e.g. Lasiecka-Triggiani et al, Zhang,
Imanuvilov, Osses et al, Ervedoza et al,... They all deal with either
Dirichlet or Neumann BCs.
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First Carleman estimate

Geometric condition and weight functions
Geometric condition on the domain:

Iy and ', are closed with [{ N> = 0.

(x —x0)-v(x) <0, forallxerl

IXo ¢ €2, such that { (X — Xp) - v(x) >0, forall x € 2.
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First Carleman estimate

Geometric condition and weight functions
Geometric condition on the domain:

Iy and ', are closed with [{ N> = 0.

(x —x0)-v(x) <0, forallxerl

IXo ¢ €2, such that { (X — Xp) - v(x) >0, forall x € 2.

Weight functions: Assume that  satisfies (GC) for some x, ¢ Q. Let
g > 0, and introduce the weight ¢ as follows: for (x,t) € Q x (=T, T),
set

V(x, 1) = |x — x2 = B2+ Cyp, andforr>0, o(x,t)=e VD

where Cy > 0 is chosen such thaty > 1inQ x (—T,T).
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Main hypotheses

Let T > 0 be arbitrary. Let Q be a bounded smooth domain in RV.
Assume that the boundary components ' and I? also satisfy the
geometric condition GC. Let 1) and ¢ be the weight functions just
defined. Let xq ¢ Q be such that one of the following conditions hold:

(ii): 6 =0, d>0and d,x» <0onTl' with 8 € (0,d),

(V:6>0,d>dandd,p <0onT' with 5 € (0,6),
(iif): 6 >0,d < dand d,9p < 0onT'and (Ny,), with 3 € (0,d),

where the condition (Ny,) reads as follows:

45 (6 —B)+2d (6 —d)(x —xp) - v >0, forall x e '
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First Carleman estimate

Theorem 1

Under the main hypotheses, there exist A\g > 0, sg > 0 and a positive
constant M such that for all s > sy and A > ),

s)\/ cpezs“’(sz)\2<p2v2+latv|2+]Vv]2)dxdt+s3)\3/ e?%? 3 v2dSdt
Qr L

T

+)\s/ o (D,v)2 Y < M/ e23¢|g12dxdt+/w/ &5 | g2 dx

Iy Qr rt

+ Msx / 0625 |9, V|2 dSdit+Ms) / (190ve 2 +Vrve[2) P dsat
rz rt

for every (v, vr) € L2(—T, T; Vs) satisfying

0%v — dAv = g € [3(Q7), 0fvr + dd,v — dArvr = gr € L3(TT)

and v(+T)=0inQand vr (+T)=0,0onT".
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First Carleman estimate

Proof: key elements

@ Work with sufficiently regular solutions so that we can use v for
both v and vt.

Ciprian Gal & Louis Tebou (FIU) ICarleman inequalities for the wave equation... Lincoln, April 23, 2017 10/38



First Carleman estimate

Proof: key elements

@ Work with sufficiently regular solutions so that we can use v for
both v and vt.

@ Introduce a new variable
w(x, t) = v(x, t)eS?XD  forall (x,t) € Q x (=T, T).
and define the operators P, Pr by
Pw = &% (6? — dA) (e~%°w) and

Prw = 6% (97 + do, — 3Ar ) (e~ w).
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First Carleman estimate

@ Some elementary computations yield
Pw = 92w —2s\p(dwdph — dVw - Vi)
+82X2 2w (|02 — d|V[?) — dAw
—ShpW(87 — dAY) — sAZpw(|9 2 — d|Vy[?)
= Piyw+ Pow+ Rw,
where P; is given by
Piw = 02w — dAw + 2 2 2w(|0w)|? — d|Vy|?)
and
Pow = (o — 1)sAow(02¢) — dA)) — sX2ow(|8p|? — d|VY|?)
— 28 p(Owor) — dVw - V)
Rw = —ashow(024 — dAw)),

where

23  2d
€ <ﬁ+nd’6+nd>'
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@ Analogously, on L =T" x (=T, T), we get
Prw=Qyw+ Qow + Rrw,
where
Qiw = Bw + da,w — AW + 2A202w (\aﬂpyz 5 |er|2>

Qw = —sX2pw(|0rp? — 6|Vri[?) — 28Ap(OWdry — SV W - Vi)
Rrw = —s pw (929 + dd,p — SArvp).
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First Carleman estimate

@ We have

/ (yP1 w2 + |P2W]2) dxdt + 2 | PywP,w dxdt

Qr Q7

+ /1 <‘Q1 W‘Z + ’QQW’Z) asdt + 2/1 QywQow dSdt
rr rs

:/ \PW—RW\zdxdt+/ |Prw — Rrw|? dSadt.
Qr rt
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First Carleman estimate

@ We have
/ (yP1 w2 + |P2W]2) dxdt + 2 | PywP,w dxdt
Qr Qr
+/1 (\o1w|2+yozwy2) dSdt + 2/1 Q;wQow dSat
rr rs
:/ \PW—RW\zdxdt+/ |Prw — Rrw|? dSadt.
Qr rt

@ Appropriately bound from below the mixed terms:

/ Piw P,w dxdt and QiwQow dSdt
Qr

’
rr
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An improved Carleman estimate.

Some useful notations

We now state and prove a better Carleman estimate where the nullity
of initial and final displacements of the system is dropped.
But, first, some additional notations.
Let £ > 0 be a constant close to one, and introduce the function
re C3([-T,T))withr(~=T)=0=r(T),and r =1 on [-cT,eT]. Set
i Rmax(%, L)if6 >0
R=max{|x — xol;x € Q}, Tp= T if 6 =0.

g
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An improved Carleman estimate.

Theorem 2.

Let T > Ty. Let ), o, B3>0, xo ¢ Q, § and d be given as in Theorem 1.
Set A = Ao, where \g > 1 is given by Theorem 1. There exist s; > 0
and a positive constant M such that for all s > s4, one has

s/ e?5?(s2v2 + |oyv[? + |Vv]2)dxdt+52/ e?$?v2dy.
Qr r

+s/ (1002 + 5 |Vr v + 120, v2)e2SPdy < M/ 252 | P2 dxalt
rr Qr

M ezs@\PrvryzdxdtJrMs/ &5 |9, v[2 dx
)

2
rT

+ Ms/ r2(|0:vr|? + | Vv [2)e>5%dx, for every (v, vr) € L2(—=T, T; V)

1
rT

with
Pv =82v —dAv € L3(Qr), Prvp = 02vr + do,v — 6Arvr € L3(T)).
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An improved Carleman estimate.

key ideas for the proof of Theorem 2

@ Use the cut-off function r to build w = rv.
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An improved Carleman estimate.

key ideas for the proof of Theorem 2

@ Use the cut-off function r to build w = rv.
@ We have

Pw =rPv+2row+r'v, and Prw = rPrv +2r'oiv + r'v.

@ w satisfies all the requirements of Theorem 1
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An improved Carleman estimate.

@ Set \ = )\ to derive
s / 2625 (|0w|? + |V w[2)dxdt + s° / 225 wRdixdlt
Qr Q

.
+s3/
i

<m [ e \Pw\zdxdtJrM/ &5 | Prw|? dE
Qr rr

Re2uRdSdt + s / (a,w)? Fdsat

4
T I—T

1 Ms/ 0% |0, w|? d¥. + Ms/
|—2

(]8tw\2 + yvrwyz) 02 dY.
r1
>

T
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An improved Carleman estimate.

@ Replace w with rv to get

s/ r2g0e25¢(]8tv|2+|Vv]2)dxdt+53/ r?p3e®$? v2 dxat
Q7 0

T

+ S/ rPpe?*?(s2p?v2 + 9, v[?)ds+ < M | € [Pv[? dxat
1

r Qr
+ M/ eS¢ |Prv|? dxdt + Ms/ 0% 10, v|? dx
rt rz

+ Ms/ r? (|8tv|2 + IVrv|2) ©e®¥dSdt + Ms/ eS¢ |v|? dxdt
ri Q

T

+Ms/ ©€>5¢|v|2dy.
r1

T
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An improved Carleman estimate.

Introduce the weighted energy

E(t) = 5 [ 0 0w(x. D + dITv(x. D) d

+;/ e?5?(30(|apv(S, 1|2 + 6|Vrv(S, 1)) dS, —T<t<T.
rt
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An improved Carleman estimate.

Introduce the weighted energy

E(t) = 5 [ 0 0w(x. D + dITv(x. D) d

+;/ e?5?(30(|apv(S, 1|2 + 6|Vrv(S, 1)) dS, —T<t<T.
rt

The last estimate may be recast as

;
s/ r? <Es(t) + 32/ v2 ezwdx) dt + s/ r?e?$?(sv2 + |9, v|?)dx
-T Q r

<M [ &2 |puP dxat + M/ezs‘P Prvi2ds + Ms/em 0, v[2 dx
r 2

Qr s

+Ms/ 2 (10w + Ve vE) ezS*”dZ+Ms/ 25| v|2dxclt
r Q

)
+ Ms/ e*S?|vPL.
5
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An improved Carleman estimate.

@ Get rid of r from LHS; this is where choosing T large enough is
needed.

Ciprian Gal & Louis Tebou (FIU) Carleman inequalities for the wave equation... Lincoln, April 23, 2017 20/38



An improved Carleman estimate.

@ Get rid of r from LHS; this is where choosing T large enough is
needed.
Take the derivative in t of Eg(t), and use Cauchy-Schwarz, fine
estimates on ¢, large enough T and s to derive

.
s/ Es(t) dt+s3/ rzeQS“”|v|2dxdt+33/ re?$°v2dy
T Qr

’
rr

;
< Ms/ rPEs(t)dt+ M | €*¢(Pv)2dxdt+M | e®5°(Prv)?dx
T M

Qr

<M [ & [PvP? dxat + M/ezs“’ Prvi2 ds
Qr r

+ Ms/ezs@ 18, v|? d% + Ms/(|r8tv]2 + \ver) e*¢dy.
rz re

v\zdxdt+Ms/ e?%?|v|?%.

’
T

+Ms/ e aad
Jas
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An improved Carleman estimate.

Lemma

Let ¢ € C?(Q) with 9,0 < —ky on T'", for some kg > 0. There exist
positive constants sy and M such that for every s > sy, and every
v € H'(Q) with v = 0 on I'?, we have the weighted Poincaré inequality

32/ e23¢|v|2dx+s/ e®5%|v[2dS < M/ eS¢V v|?dx.
Q r Q

Use Lemma to get rid of the bad terms from the RHS to complete the
proof.
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Controllability preparatory estimates

Corollary 1
Under the hypotheses of Theorem 2, we have for every § > 0:

s/ e23¢(|atv|2+d\Vv|2)dxdt+s3/ 25| |2 dlxclt
Qr Q

T

+s/ (|8tv\2+5|Vrv|2)e23‘PdZ+s/ 12|, V26?52 dy
Fi ri

<M | € |Pv|?dxdt + M/eZS‘P 1Prvr|? dZJrMs/eZ"”‘P|8,,v|2 dy
ri r2

Qr 2

+Ms/ r2|8tvr|2e23@dZ+Ms3/ e??|vr|2dx.
ri rh
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An improved Carleman estimate.

Controllability preparatory estimates

Corollary 2

Under the hypotheses of Theorem 2, we have for 6 = 0:

s/ e23¢(yatv|2+d|w|2)dxdt+53/ 25| v|2dlxclt
Qr

Qr
+s | |ov]? e2s“’dZ+s/ 1?8, v|?e?$¢dyx.
}

1
rT

<M [ &2 |PuP dxat + M/ &5 |Prv|2 S + Ms
Qr ri

+Ms/ |Vrvr\2623‘PdZ+M33/ 5| v [2dE.
r i

T

/ &5 |8, v[2 dx
r2

T
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Problem formulation: Case 6 > 0

Recall H = L?(Q) x L3(T'"), and denote by V} the topological dual of
V5. Consider the boundary controllability problem: Given (y°, z°) € H,
(y',z") € V%, and functions py € L>(Q7), p2, p3 € C'(Qr), as well as
g1 € L(TL), go, g3 € C'(T'}), find a control

vi € L2(—T, T;L2(T")) @ [H'(~T, T; L3(T"))]’, and a control

Vo € L2(I'2)) such that if the couple (y, z) solves the system

&2y — dAy +pry +pyt+p3-Vy =0 in Qr,
22— 6ArzZ+ 12+ Qozt + G - VrZ

+doyy +(p3-v)y=wv, y=2 on T,
Y=V onrz,

V(=T),z(-T)) =(¥°,2°%, W(-T),z(-T)=@"2"), inQxTI",
then one has
(y(T),z(T)) =(0,0), ((T),z(T))=(0,0)inQxT"
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Controllability

The solution of the controlled system is defined by transposition: Let
f € L2(Qr) and g € L2(T'}), and consider the backward system

02U — dAU + pru — po U — pour — (divps)u — p3 - Vu = f in Qr,
OPW — SArW + IW — QoW — GoW; — 3(divrgs)w — 6g3 - Viw
+do,u+(p3-v)u=9, uU=w onTlt,
u=0 on Tz,
(u(T),w(T)) =(0,0) € Vs,

(u(T), we(T)) = (0,0) € L3(Q) x L2().

It can be shown that the backward system has a unique weak solution

(u,w) € C([-T,T];Vs) N CY([-T, T]; H)
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Controllability

If vi, vo, f and g are given as above, the solution of the controlled
system is then given by:

/ F(x, £)y(x, ) dxalt + / 9(S.1)2(S, 1) dSat
Qr rt

Y2 (u(=T), w(=T))) - / yO(x)ur(x, — T) dx
Q

I
—~~

— | Z2%(S)w(S,-T) dS+/Qp2(x,T)u(x,T)y°(x) adx

1

1

(S, —~T)W(S, —T)z°(S) dS + d/2 vo(S, 1)d,u(S, t) dSdt
rT

+
— S

-

vi(S, t)w(S, t) dSdt,

where (,) stands for the duality product between Vs and its topological
dual, and the last integral stands for the duality between
H'(—T, T;L2(r'")) and its topological dual.
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Controllability

It can be shown that the controlled system has a unique weak solution
(.ya Z) € C([_ T7 T]v H) N C1([_T7 T]' Vzg)

Thanks to Lions’ Hilbert unigueness method (HUM) , solving this
controllability problem amounts to establishing an inverse or
observability inequality for the following adjoint system:

(92U — dAU+ prU — po U — pou; — (divps)u — p3 - Vu =0 in Qr,
8t2W — Arw + qiw — QoW — QWi — o(divrgz)w — 6q3 - Vrw
+do,u+ (p3-v)u=0, u=w onr?,
u=0 onl%,
(u(T),w(T)) = (uo, WO) € Vs,

(ut(T),w(T)) = (u1, W1) € LZ(Q) X L2(F1).
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Observability inequality

Introduce the energy function E, (1) =

1 1

5 [(ulx 0P +dVutx, ) it 5 [ (wi(S. 0P +517rw(S. ) oS,
Q r

Proposition

Let T > To. Let (u°, wP) € V5, (u', w') € H, and let the functions p;
and g;, j =1, 2, 3, be given as above. Assume that the couple (u, w)
is the corresponding solution of the adjoint system. There exists a
positive constant M that is independent of the data (u°, u') and

(w®, w') such that the following observability inequality holds

Euuw(-T) < /\/1/1 (r2|wf? + |w[2) dF + M/ 0,2 d¥.
Fi rz
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Controllability

Proof Sketch of Proposition
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Proof Sketch of Proposition

This proof will be carried out in two steps. In the first step, we shall
establish an energy estimate, while in the second one, we use that

energy inequality and Corollary 1 to derive the claimed observability
estimate.
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Proof Sketch of Proposition

This proof will be carried out in two steps. In the first step, we shall
establish an energy estimate, while in the second one, we use that

energy inequality and Corollary 1 to derive the claimed observability
estimate.

Step 1: An energy inequality. The idea is to prove the estimate for
smooth solutions, then use a density argument. Multiplying the first
equation in the adjoint system by u; and using Green’s formula yield

El () = / {(P1 — Pt — dV(Ps))U — paty — Ps - T}ty dx

- /r{1(CI1 — Qo,t — 6divr(q3) + p3 - V)W — QoW — 6qs - Vrw}w; dS.

Applying Cauchy-Schwarz and Poincaré inequalities, we easily derive
the energy inequality

Euw(t) < Euw(s)eMt=sl vs te[-T,T).
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Controllability

Similarly, one shows
Step 2: Derivation of the observability inequality. It follows from
Corollary 1

s/ eZSSD(yatu]z+d\Vu\2)dxdt+s3/ €?%?|u|? dxat
Qr Q

T

+ s/ (|0sw)? + 6 |V w|?)e?¢ dx
ry

Qr r2T

<M [ & pup dxdt+M/ 252 | Prw? dZ+Ms/ 529, ul2 dx
g

+ Ms/ r? |o,w|? e®5°dy + Ms3/ e*?|w|2dx.
r1 r1

T T
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Controllability

Some elementary algebra yields
/ eS¢ | Pul? dxat
Qr

<M [ e¥5%(|owl + d|Vul>)dxdt + M | €?5%|u|?dxadt,
QT QT
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Controllability

Some elementary algebra yields
/ eS¢ | Pul? dxat
Qr

<M [ e¥5%(|owl + d|Vul>)dxdt + M | €?5%|u|?dxadt,
QT QT

and

/ 252 | prwl? dSat

1
rT

< M/ &252(|0,w|? + 5|V w|2)dSdt + M/ 252 |w[2aSdt.
re re
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Controllability

Combining those inequalities with the last Carleman estimate, and
choosing a large enough s, we derive

s/ ezs‘p(yatuF+d\Vu\2)dxdt+s/ (0w + 5|V w|2) 252 ds
Qr r

’
T
SMS/
r

&% |9, ul? dx + Ms/ r? |oyw|? €25 dY + MsS/ ¢ |w|?dyx.
re r

2
T T
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Controllability

Combining those inequalities with the last Carleman estimate, and
choosing a large enough s, we derive

s/ ezs‘p(yatuF+d\Vu\2)dxdt+s/ (0w + 5|V w|2) 252 ds
Qr r

’
T
SMS/
r

Given the definition of the energy E, w, one deduces from that estimate

&% |9, ul? dx + Ms/ r? |oyw|? €25 dY + MsS/ e?%?|w|?dx.
2 |—1 |—1
T T T

)
/ Euw(t)dt < M/ |8Vu2dZ+M/ P2 9w dz+M/ wPds.
-7 rz r r
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Controllability

Combining those inequalities with the last Carleman estimate, and
choosing a large enough s, we derive

s/ ezw(yatuy?+d\Vu\2)dxdt+s/ (|orw|? + 6 |[Vrw|?) e dx
Qr r

’
T
SMS/
r

Given the definition of the energy E, w, one deduces from that estimate

&% |9, ul? dx + Ms/ r? |oyw|? €25 dY + MsS/ e?%?|w|?dx.
2 |—1 |—1
T T T

)
/ Euw(t)dt < M/ |8Vu2dZ+M/ 2 [oyw? dz+M/ wRdy.
-T rz r re

The energy inequality then yield the claimed observability estimate.
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Controllability Theorem

Theorem 3

Let T > To. Let (y°,2°%) € H, (y', 2") € V}, and let the functions p; and
g, =1, 2, 3, be given as above. Then for every ¢ > 0, there exists a
unique control couple (vy, v2) of minimal norm in

(L2(rYy @ [H'(—T, T; L3(T"))]") x L2(I'%) such that the states couple
(v, z) of the controlled system comes to rest in time T.
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Proof Sketch of Theorem 3

Introduce the following functional

J: VsxH—R
(W, w°), (u', wh)) — ;/ﬂT(rZ’Wf\z + |w[?) dx + g /rZT 0, ul? dx
(") TLwT) + [ P O0u(x,~T) o
+/r1 2(S)wi(S,—T) dS—/ng(x,—T)u(x,—T)yO(x) dx
—/r1q2(8,—T)W(S,—T)z°(S) ds,

where the couple (u, w) is the corresponding solution of the adjoint

system, and (, ) stands for the duality product between Vs and its
topological dual.
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Controllability

It can be checked that the quadratic functional 7 is continuous and
strictly convex. Further, J is coercive; indeed, thanks to Proposition,
there exist positive constants M and C, such that for all

(L, wO), (u', w")) in Vs x H, one has

T, wO), (U, wh)) =M||((u® wO), (" w)II%,
- CO||((UO’ Wo)v (U1, W1))HV5><H‘
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Controllability

It can be checked that the quadratic functional 7 is continuous and
strictly convex. Further, J is coercive; indeed, thanks to Proposition,
there exist positive constants M and C, such that for all

(L, wO), (u', w")) in Vs x H, one has

T, wO), (U, wh)) =M||((u® wO), (" w)II%,
- CO||((UO’ Wo)v (U1, W1))HV5><H‘

The last inequality enables one to check

J (0, w0), (u', w)) 0 0\ (1 w1
0000, WO, (T, W) gy 20 38 IS W), (U, W)ty — oo
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Controllability

Therefore, 7 has a unique minimizer (2°, &', w°, w') which solves the
Euler equation

/(rzlfvtw,+|7vw)d8dt+d 9,00, u dSdt
r1

s
("2, (U(=T), w(=T))) + /Q yO(x)ur(x, — T) dx
pa(x, = Tu(x, —T)y°(x) dx+/1 2°(S)w(S,-T)dS

i
—quz(s,—r) (S,—-T)Z°(S)dS =0,
r1

for every solution (u, w) of the adjoint system, and
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Controllability

Therefore, 7 has a unique minimizer (2°, &', w°, w') which solves the

Euler equation

/(rzlfv,w,+|7vw)d8dt+d 9,00, u dSdt
r1

s
("2, (U(=T), w(=T))) + /Q yO(x)ur(x, — T) dx
pa(x, = Tu(x, —T)y°(x) dx+/1 2°(S)w(S,-T)dS

i
—fqz(s,—r) (S,—-T)Z°(S)dS =0,
r1

for every solution (u, w) of the adjoint system, and

where the couple (&, W) is the solution of the adjoint system
corresponding to the minimizer.
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Controllability

Therefore, 7 has a unique minimizer (2°, &', w°, w') which solves the
Euler equation

/(rzlfvtw,+|7vw)d8dt+d 9,00, u dSdt
r1

s
("2, (U(=T), w(=T))) + /Q yO(x)ur(x, — T) dx
pa(x, = Tu(x, —T)y°(x) dx+/1 2°(S)w(S,-T)dS

i
—quz(s,—r) (S,—-T)Z°(S)dS =0,
r1

for every solution (u, w) of the adjoint system, and

where the couple (&, W) is the solution of the adjoint system
corresponding to the minimizer.

One checks that the optimal controls are given by: vy = (r?W;); — w
and v» = 0, 0.
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@ It is obvious that the control region that we are using is not
optimal. It's enough to assume that the control region ' satisfies
the Bardos-Lebeau-Rauch geometric control condition
(GCC):there exists T > 0 such that every ray of geometric optics
enters ¢ in a time less than T. This is yet to be done.

Ciprian Gal & Louis Tebou (FIU) Carleman inequalities for the wave equation... Lincoln, April 23, 2017 37/38



@ It is obvious that the control region that we are using is not
optimal. It's enough to assume that the control region I'; satisfies
the Bardos-Lebeau-Rauch geometric control condition
(GCC):there exists T > 0 such that every ray of geometric optics
enters ¢ in a time less than T. This is yet to be done.

© Assuming now that we have the Wentzell boundary conditions on
the whole boundary of €2, what kind of controllability result can we
get by applying the control on an arbitrarily small open nonempty
portion of the boundary? Probably, only approximate
controllability, but it would be interesting to use Carleman
estimates to derive appropriate observability inequalites. This type
of estimates is now well understood for Dirichlet, Neumann, and
Robin boundary conditions thanks to works by Lebeau, Burcq,
Fu,...
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@ It is obvious that the control region that we are using is not

o

optimal. It's enough to assume that the control region I'; satisfies
the Bardos-Lebeau-Rauch geometric control condition
(GCC):there exists T > 0 such that every ray of geometric optics
enters T in a time less than T. This is yet to be done.

Assuming now that we have the Wentzell boundary conditions on
the whole boundary of €2, what kind of controllability result can we
get by applying the control on an arbitrarily small open nonempty
portion of the boundary? Probably, only approximate
controllability, but it would be interesting to use Carleman
estimates to derive appropriate observability inequalites. This type
of estimates is now well understood for Dirichlet, Neumann, and
Robin boundary conditions thanks to works by Lebeau, Burcq,
Fu,...

One could also think about using a control that acts on a
nonempty open subset of .
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Final Thought

And if anyone thinks that he knows anything, he
knows nothing yet as he ought to know.

THANKS!
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