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@ Some open problems.

@ Wave equations with boundary coupling.



Notations

Q= bounded domain in RN, N > 1,
'= boundary of Q is smooth,
T>0Q=Qx(0,T)

w = nonvoid open subset in Q.

a, b, c,dliein L>(0, T; L5(2)), s > max(2, N) for N +# 2,
and s > 2for N =2.
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Wave equations with internal coupling

Controllability

Consider the controllability problems: Given (z°,z") and (w°, w'), and

e > 0, find a control h such that if (z, w) solves the system

zZy—Az+az+cw=hl,inQ

Wy —Aw+bz+dw=0inQ

z=0, w=00onX=00x(0,T)

z(0)=2% z(0)=2z" w(0)=w? w(0)=w'inQ,
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Wave equations with internal coupling

Controllability

Consider the controllability problems: Given (z°,z") and (w°, w'), and

e > 0, find a control h such that if (z, w) solves the system

zZy—Az+az+cw=hl,inQ

Wy —Aw+bz+dw=0inQ

z=0, w=00onX=00x(0,T)

z(0)=2% z(0)=2z" w(0)=w? w(0)=w'inQ,

then (exact controllability)

z(T)=0, z(T)=0, w(T)=0, wy(T)=0inQ,
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Wave equations with internal coupling

Controllability

Consider the controllability problems: Given (z°,z") and (w°, w'), and

e > 0, find a control h such that if (z, w) solves the system

zZy—Az+az+cw=hl,inQ

Wy —Aw+bz+dw=0inQ

z=0, w=00onX=00x(0,T)

z(0)=2% z(0)=2z" w(0)=w? w(0)=w'inQ,

then (exact controllability)
z(T)=0, z(T)=0, w(T)=0, w(T)=0ing,
or else (approximate controllability)

12Dl +1z2(Dll2 < & [W(T)]l1 + [[w(T)ll2 < e
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Wave equations with internal coupling

Remark

@ For exact controllability, T and w must be large enough.
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Wave equations with internal coupling

Remark

@ For exact controllability, T and w must be large enough.
@ For approximate controllability, only T must be large enough.
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Wave equations with internal coupling

Remark

@ For exact controllability, T and w must be large enough.
@ For approximate controllability, only T must be large enough.

@ Lions’ HUM reduces exact controllability to an inverse
(observability) estimate for the adjoint system.
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Wave equations with internal coupling

Observability estimates

Consider the coupled (adjoint) system

uy —Au+au+bv=0inQ
Vi —Av+cu+dv=0inQ

u=0, v=00nXxX=00x(0,T)

u(0) = u% w(0)=u" v(0)=v% w(0)=v'inQ.

The coupled system is well-posed in H}(Q) x L2(Q) x L2(Q) x H1(Q).

Louis Tebou (FIU, Miami, USA) Controllability ... systems of wave equations. UNAM, 2014 6/32



Wave equations with internal coupling

Introduce the energies:

Eu(t) = [ w07 + Va0 ox.

- 1
Eu(t) = 5 (1uC, 01 Bxq + e DI 1y ) -

Foreach t € [0, T], set

E(t) = Eu(t) + E, (1), E(t) = Eu(t) + E (1).
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Wave equations with internal coupling

Introduce the function m(x) = x — x°, where x° is an arbitrary point in
RN, Set )
Ry = max {|m(x)[; x € Q}.

Let v be the unit normal pointing into the exterior of Q, and set

Mo = {x € 92, v(x) - m(x) > 0}.
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Wave equations with internal coupling

Theorem 1

Let w and O be neighborhoods of I'y. Assume that

a, ¢, deL>(0,T,;L5(Q)),withs>2for Ne {1, 2} and s > N for

N > 3. Let b € L*(Q), and suppose that there exists by > 0 such that
b(x, t) > by for almost every (x,t) in O x (0, T).
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Wave equations with internal coupling

Theorem 1

Let w and O be neighborhoods of ;. Assume that

a, ¢, deL>(0,T,;L5(Q)),withs>2for Ne {1, 2} and s > N for

N > 3. Let b € L*(Q), and suppose that there exists by > 0 such that
b(x,t) > by for almost every (x, t) in O x (0, T).

For every T > 2R, there exists a positive constant C and a cut-off
function r € D?((0, T)) such that for all (u°, u') € H}(Q) x L?(), and
(v, v!) € L2(Q) x H'(Q), one has the observability estimate:

)
E(0) < c/ r/(|ut|2+ \u[2) dxalt
0 w

for the corresponding solution pair (u, v) of the adjoint system.
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Wave equations with internal coupling

Theorem 1

Let w and O be neighborhoods of ;. Assume that

a, ¢, deL>(0,T,;L5(Q)),withs>2for Ne {1, 2} and s > N for

N > 3. Let b € L*(Q), and suppose that there exists by > 0 such that
b(x,t) > by for almost every (x, t) in O x (0, T).

For every T > 2R, there exists a positive constant C and a cut-off
function r € D?((0, T)) such that for all (u°, u') € H}(Q) x L?(), and
(v, v!) € L2(Q) x H'(Q), one has the observability estimate:

)
E(0) < c/ r/(|ut|2+ \u[2) dxalt
0 w

for the corresponding solution pair (u, v) of the adjoint system.

It follows from this theorem and Lions’ HUM that our initial system is
exactly controllable with h = ((rut);: — ru) as a control.
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Wave equations with internal coupling

Some literature

@ Dager (2006), Q = (0,1), T > 4, b= —1p, all other l.o.t vanish.
Proved a weaker estimate; see Theorem 2 in the sequel.
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Wave equations with internal coupling

Some literature

@ Dager (2006), Q = (0,1), T > 4, b= —10, all other l.o.t vanish.
Proved a weaker estimate; see Theorem 2 in the sequel.
@ Tebou (2008), multi-d, b = —1¢, all other Lo.fvanish.
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Wave equations with internal coupling

Some literature

@ Dager (2006), Q = (0,1), T > 4, b= —10, all other l.o.t vanish.
Proved a weaker estimate; see Theorem 2 in the sequel.

@ Tebou (2008), multi-d, b = —1¢, all other Lo.fvanish.

@ Rosier-de Teresa (2011), Q = (0,1), T > 4, b = —a(x)?,
a e L>(Q), all other l.o.t vanish.
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Wave equations with internal coupling

Some literature

@ Dager (2006), Q = (0,1), T > 4, b= —10, all other l.o.t vanish.
Proved a weaker estimate; see Theorem 2 in the sequel.

@ Tebou (2008), multi-d, b = —1¢, all other Lo.fvanish.

@ Rosier-de Teresa (2011), Q = (0,1), T > 4, b = —a(x)?,

a e L>(Q), all other l.o.t vanish.

@ Alabau-Leautaud (2012), ¢ = b, d = a are smooth enough, and
|1b]|s is small, w and © may have empty intersection, and both
satisfy
(GCC) [Bardos-Lebeau-Rauch, 1988, 1992]: every ray of
geometric optics enters w, (resp. O) in a time less than T.

But the controllability time blows up as the norm of the coupling
function b goes to zero; this is not natural. One would expect the
controllability cost to blow up as the coupling goes to zero, but not
the controllability time.
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Wave equations with internal coupling

Some literature

@ Dager (2006), Q = (0,1), T > 4, b= —10, all other l.o.t vanish.
Proved a weaker estimate; see Theorem 2 in the sequel.

@ Tebou (2008), multi-d, b = —1¢, all other Lo.fvanish.

@ Rosier-de Teresa (2011), Q = (0,1), T > 4, b = —a(x)?,

a e L>(Q), all other l.o.t vanish.

@ Alabau-Leautaud (2012), ¢ = b, d = a are smooth enough, and
|1b]|s is small, w and © may have empty intersection, and both
satisfy
(GCC) [Bardos-Lebeau-Rauch, 1988, 1992]: every ray of
geometric optics enters w, (resp. O) in a time less than T.

But the controllability time blows up as the norm of the coupling
function b goes to zero; this is not natural. One would expect the
controllability cost to blow up as the coupling goes to zero, but not
the controllability time.

@ Dehman-Leautaud-Lerousseau (2012), a=c=d=0.
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@ No smallness assumption is made on the potentials.



Wave equations with internal coupling

Some comments

@ No smallness assumption is made on the potentials.
©@ The controllability time is the same as for a single wave equation.
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Wave equations with internal coupling

Some comments

@ No smallness assumption is made on the potentials.
©@ The controllability time is the same as for a single wave equation.

© It seems that the coerciveness assumption on the coupling
function b cannot be dropped; in particular, if b is zero, then one
cannot estimate v in terms of u.
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Wave equations with internal coupling

Some comments

@ No smallness assumption is made on the potentials.
©@ The controllability time is the same as for a single wave equation.

© It seems that the coerciveness assumption on the coupling
function b cannot be dropped; in particular, if b is zero, then one
cannot estimate v in terms of u.

© One may fairly wonder whether the observability estimate in
Theorem 1 may be replaced with

)
E(0) < c/ r/ |2 dxatt
0 w

But as noted in the case of a single wave equation, that estimate is
false in general, but holds under some constraints on the potential.
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Wave equations with internal coupling

Proof of Theorem 1: key ideas

@ Energy estimates show
E(0) < c/ (lu + |Vl + v} dxat,
o

where Qg is an appropriate subset of Q.
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Wave equations with internal coupling

Proof of Theorem 1: key ideas

@ Energy estimates show
E(0) < c/ {ul + |Vul + |v[2} dxat,
Qo

where Qg is an appropriate subset of Q.

@ Duyckaerts-Zhang-Zuazua + Fu-Yong-Zhang Carleman estimates
show

Jo, (wtl? + [Vul? + |v|?) dxdt < e **E(0) + C JJr? Jiuo V17 dxalt
+C Jo r J (el + [uf?) dxct

for every large enough A > 0, and some fixed x> O.

Louis Tebou (FIU, Miami, USA) Controllability ... systems of wave equations. UNAM, 2014 12/32



@ Using a localizing arguments, one derives

Jo 72 Jy V2 axdt < C [ r [, (|l + |ul?) dxat + e+ E(0).



Wave equations with internal coupling

@ Using a localizing arguments, one derives
Jo 12 [, VB dxdt < C [ r [ (Jul? + |uf?) dxat + e #E(0).

@ Choosing X large enough, one gets:

)
E(0) < c/ r/(|u,2+|u|2)dxdt.
0 Jw

Louis Tebou (FIU, Miami, USA) Controllability ... systems of wave equations. UNAM, 2014 13/32



Wave equations with internal coupling

Theorem 2.

Let w, O, a, d and s be as in Theorem 1, and suppose that
b e L>(0, T;L5()), c € L*°(Q), and there exists by > 0 such that
b(x,t) > by for almost every (x,t) in O x (0, T).
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Wave equations with internal coupling

Theorem 2.

Let w, O, a, d and s be as in Theorem 1, and suppose that

b e L>(0, T;L5()), c € L*°(Q), and there exists by > 0 such that
b(x,t) > by for almost every (x,t) in O x (0, T).

For every T > 2Ry, there exists a positive constant Cy such that for all
(U0, u') € L3(Q) x H71(Q), and (v°, v') € HJ(Q) x L3(R), one has the
observability estimate:

E(0)2 < Cy ( /0 ' / 2 dxdt) (E+(0) + E(0))

for all solution pair (u, v) of the adjoint system.
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Wave equations with internal coupling

Proof of Theorem 2: Main ideas

Step 1. Prove the energy estimates
o ~ ~
E(t) < GoE(7), vr,te [0, T],
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Wave equations with internal coupling

Proof of Theorem 2: Main ideas

Step 1. Prove the energy estimates

o
E(t) < CoE(r), Vr,tel0,T],

T! R
" hE(t) dt < co/ (Juf? + |v[2} dxdt,
To Qo

where his an appropriate cut-off function.
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Wave equations with internal coupling

Step 2. Derive from Step 1

E(0) < co/ (U + [V} dxat.
Qo
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Wave equations with internal coupling

Step 2. Derive from Step 1
E(0) < co/ (U + [V} dxat.
Qo

Step 3. Duyckaerts-Zhang-Zuazua Carleman estimate yields

Jau (U2 + |v[2) dxat < e HXE(0) + Co fy [, |ul? oxalt
+Co [y r2 [ |V|? dxat,
0 wo

for some constant 1 > 0, and every large enough A.
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Wave equations with internal coupling

Step 2. Derive from Step 1
E(0) < co/ (U + [V} dxat.
Qo

Step 3. Duyckaerts-Zhang-Zuazua Carleman estimate yields

Jau (U2 + |v[2) dxat < e HXE(0) + Co fy [, |ul? oxalt
+Co fy 12 [, |vI? dxdt,

for some constant 1 > 0, and every large enough A.

Step 4. Use a localizing argument to obtain:
Jo 12 [, IvI2 dxat < CoE(0)2 (fy [, luf? dxdt)

with E(0) = E,(0) + E,(0).
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Wave equations with internal coupling

Let a, b, ¢, d € L5(Q2), with s as in Theorem 1. Let w, O, be as in
Theorem 1, and suppose that there exists by > 0 such that b(x) > by
for almost every x in O.
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Wave equations with internal coupling

Let a, b, ¢, d € L5(Q2), with s as in Theorem 1. Let w, O, be as in
Theorem 1, and suppose that there exists by > 0 such that b(x) > by
for almost every x in O.

Further assume that either:

a>0, d>0, 2a—|b+c|>0,and2d - |b+c| >0, ae. xecQ

or else

a>0, d>0ae.xcQ, 1-C2b+c|s>0,and)5—|b+cls>0,
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Wave equations with internal coupling

Let a, b, ¢, d € L5(Q2), with s as in Theorem 1. Let w, O, be as in
Theorem 1, and suppose that there exists by > 0 such that b(x) > by
for almost every x in O.

Further assume that either:

a>0, d>0, 2a—|b+c|>0,and2d - |b+c| >0, ae. xecQ
or else
a>0, d>0ae.xcQ, 1-C2b+c|s>0,and)5—|b+cls>0,

where A3 is the first eigenvalue of the operator —A under Dirichlet
boundary conditions, and Cg denotes the best constant in the Sobolev
inequality:

iy <c2/ Vwx)Rdx, Yw e H(Q).
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Wave equations with internal coupling

Theorem 3

Assume the conditions just stated. For every T > 2Ry, there exists a
positive constant Cy such that for all (u°, u') € H}(Q) x L3(Q2), and
(V0 v') € (H3(Q) N H{()) x H}(R), one has the observability
estimate:

)
(Eu(0) + E,(0))% < Cy ( /0 / ul? dxdt) (Eu(0) + E(0))

for all solution pair (u, v) of the adjoint system, and where
= T 112
2EV(O) — ||V HHZ(Q) + ||V HH(}(Q)'
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Wave equations with internal coupling

Sketch of the proof of Theorem 3

For this proof, we shall use Theorem 2, and the following result

Lemma
Let a, b, ¢, and d be given as in Theorem 3. Then there exists a

positive constant Cy = Cy(Q2, b + ¢) such that

|| — a,-(b,-,'( )8/ )+ au+ bVH2H_1(Q) +1| - 3,‘(b;j(X)ajv) + Ccu + dVHf_I_1

> Co [o{bj(x)0judiu + bj(x)ojvov} dx, Vu,v e H}(Q).
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Wave equations with internal coupling

Sketch of the proof of Theorem 3

For this proof, we shall use Theorem 2, and the following result

Lemma
Let a, b, ¢, and d be given as in Theorem 3. Then there exists a
positive constant Cy = Cy(Q2, b + ¢) such that

|| — a,-(b,-,( )8j )+ au+ bVHH 1(Q) +1| - c‘),-(b;j(x)a,-v) + Ccu + dVHf_I_1
> Co Jo{bjj(x)0judiu + bjj(x); vé? v} dx, Yu,ve H(Q).

Set w = ur and Zz = v;. Then these functions solve the system

th — 8,(bU(X)ajVAV) +aw+bz=0inQ

Zy — 8,(b,/(x)0,2) +cw+dz=0inQ

w=0, z=00nX=0900x(0,T)

w(0) = u' € L3(Q);  W(0) = di(bj(x)oju°) — au® — bv0 € H=1(Q)
2(0)=v' € H}(Q);  2(0) = 0i(bj(x)9;v°) — cu® — av® € L3(Q).
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Wave equations with internal coupling

Introduce the following energy associated with that system
Eis(t) = Ey(t) + Es(t) vtelo,T).
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Wave equations with internal coupling

Introduce the following energy associated with that system
Eis(t) = Ey(t) + Es(t) vtelo,T).

Thanks to Theorem 2, one has:

E; 502 < Go ( /O ! / ywy2dxdt> (E,(0) + E»(0)).
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Wave equations with internal coupling
Introduce the following energy associated with that system
Eis(t) = Ey(t) + Es(t) vtelo,T).
Thanks to Theorem 2, one has:

mem2<Cb(AT/MWmeQ(Emoy+Exm)

Some elementary calculations show that
Eq(0) + E5(0) < Co(Eu(0) + E/(0)),
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Wave equations with internal coupling

Introduce the following energy associated with that system
Eis(t) = Ey(t) + Es(t) vtelo,T).

Thanks to Theorem 2, one has:
—~ T o~
Ew5(0)% < Co ( / / !W!2dxdt> (E#(0) + E3(0)).
0 w

Some elementary calculations show that
Eq(0) + E2(0) < Co(E4(0) + E,(0)),
while the above Lemma yields
Ei5(0) > Co(Eu(0) + E(0)).
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Wave equations with internal coupling

Introduce the following energy associated with that system
Eis(t) = Ey(t) + Es(t) vtelo,T).

Thanks to Theorem 2, one has:
—~ T o~
Eq2(0)? < Co ( I/ ]v“v]zdxdt> (Eq(0) + E5(0)).
0 w

Some elementary calculations show that
Eq(0) + E2(0) < Co(E4(0) + E,(0)),
while the above Lemma yields
Ei5(0) > Co(Eu(0) + E(0)).

Hence
)
(E+(0) + E,(0))% < Cy ( / / 2 dxdt) (E+(0) + E,(0)).
0 w
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Wave equations with internal coupling

Theorem 4

Suppose that the hypotheses of Theorem 3 hold. For every T > 2R;,
there exists a positive constant C = C(Q,w, O, T, N, s, a, b, ¢, d) such
that for all (u%, u') € (H2(Q) N H{(Q)) x H}(Q), and

(v0,v1) € HI(Q) x L3(Q2), one has the observability estimate:

)
E,(0) + E(0) < c/ r/{|u,|2+ |2} dxat.
0 w
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@ Do we have E(u;0) + E(v;0) < CfOTrfw lug(x, t)[? dxdlt, with no
smallness assumption on the couplings?



Some open problems.

@ Do we have E(u; 0) + E(v;0) < C [ r [ |ur(x, t)[2 dxat, with no
smallness assumption on the couplings?

© Are the analogues of Theorems 1 to 4 valid for w N O = 0,
assuming w and O both satisfy the Bardos-Lebeau-Rauch
geometric control condition (GCC), and no smallness
assumptions are made on the couplings?
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Some open problems.

@ Do we have E(u;0) + E(v;0) < CfOT r [, |ui(x, t)|? dxdt, with no
smallness assumption on the couplings?

© Are the analogues of Theorems 1 to 4 valid for w N O = 0,
assuming w and O both satisfy the Bardos-Lebeau-Rauch
geometric control condition (GCC), and no smallness
assumptions are made on the couplings?

© What about different principal operators? A similar result holds for
two wave equations coupled in cascade internally when the two
operators are proportional & € is a compact C> manifold with no
boundary; in particular it is shown by
Dehman-Leautaud-Lerousseau that if w N O satisfies GCC, then:

o~

)
E(u:0)+ E_o(v:0) < c/ /|u(x, |2 dalt,
0 w

where 2E_5(v; 0) = [[VO[[%, o) + V!5 5(q)-
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Some open problems.

@ Do we have E(u;0) + E(v;0) < CfOT r [, |ui(x, t)|? dxdt, with no
smallness assumption on the couplings?

© Are the analogues of Theorems 1 to 4 valid for w N O = 0,
assuming w and O both satisfy the Bardos-Lebeau-Rauch
geometric control condition (GCC), and no smallness
assumptions are made on the couplings?

© What about different principal operators? A similar result holds for
two wave equations coupled in cascade internally when the two
operators are proportional & € is a compact C> manifold with no
boundary; in particular it is shown by
Dehman-Leautaud-Lerousseau that if w N O satisfies GCC, then:

=R T
E(u:0)+ E_o(v:0) < c/ /|u(x, |2 dalt,
0 w
where 2E_5(v; 0) = [[VO[[%, o) + V!5 5(q)-
© What about boundary controllability?
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Hyperbolic equations with boundary coupling.

Controllability
Let f : R — R be a continuously differentiable function with

lim sup &

is|»o0 |S|(lOg[s[)*
for some fy > 0, and some 0 < a < 3/2. Consider now the
controllability problem: Given y°, 79 € H}(Q), and y', j' € [2(Q);
q°, @° € [?(Q),and q', §' € H1(Q); and ¢ € L?(Q), can we find a
control v € L2(0, T; L?(w)) such that the corresponding solution pair
(Yo, q) of the cascade system:

= Po,

Yo — Ayo + f(yo) =€+ vxw in Q
qit — A+ (¥)g=0inQ
Yo=0, g= g}/’gxro on¥ =00x(0,T)
%(0) =y%  yor(0)=y', q(0)=4q% @(0)=q'inQ,
satisfies:
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Hyperbolic equations with boundary coupling.

yO('vT):.;/O7 yOt('vT):jﬂ? Q(-;T):(?I(), qt('aT):Ef in Q7

For this system we have the controllability result:
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Hyperbolic equations with boundary coupling.

Theorem 5

Assume that w is a neighborhood of I'y. For every T > 2Ry, and for all
yP e H}(Q), y' € L2(Q), q° € L3(Q) and q' € H~'(Q), there exists a
control v € L?(0, T; L?(w)) such that

Wi =7° yul-T)=7" a(.T) =8, a(.T)=8inQ

To prove Theorem 5, we're going to follow the classical algorithm for
solving control problems for nonlinear distributed systems:

@ linearize the control problem,
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Hyperbolic equations with boundary coupling.

Theorem 5

Assume that w is a neighborhood of I'y. For every T > 2Ry, and for all
yP e H}(Q), y' € L2(Q), q° € L3(Q) and q' € H~'(Q), there exists a
control v € L?(0, T; L?(w)) such that

}’0(-7 T):}N’Oa yot('7T):.}~/17 Q(-;T):Eloa qf('7T):E’1 in Q.

To prove Theorem 5, we're going to follow the classical algorithm for
solving control problems for nonlinear distributed systems:

@ linearize the control problem,
@ solve the linear control problem,

© use a fixed-point theorem to derive the controllability of the
nonlinear problem from that of the linearized system.
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Hyperbolic equations with boundary coupling.

A bit of History of the controllability of semilinear wave
equations

@ Zuazua (1990-1991), HUM + Schauder fixed-point (linear growth)
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Hyperbolic equations with boundary coupling.

A bit of History of the controllability of semilinear wave
equations

Zuazua (1990-1991), HUM + Schauder fixed-point (linear growth)
Zuazua (1993), HUM + Leray-Schauder (1d, superlinear growth
allowed)

Lasiecka-Triggiani (1991), global inversion theorem (Lipschitz),
Cannarsa-Komornik-Loreti (1999), 1d, iterated log, improves
Zuazua (1993),

Li-Zhang (2000), Carleman estimates, superlinear growth allowed,
Martinez-Vancostenoble (2003), 1d, arbitrarily short time,
Fu-Yong-Zhang (2007), Carleman estimates, hyperbolic
equations,

Duyckaerts-Zhang-Zuazua (2008), improved Carleman estimates,

: f(s)
allows limsup ————— =0, 0<a<3/2
TSP Stiog s /
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Hyperbolic equations with boundary coupling.

The linear controllability problem

>et ((5) — (0))/s. if § # 0
s) — s, ifs
9(s) = { £(0), if s = 0.

Let w € L*°(0, T; L2(RQ)). Set
a(x,t) =g(w(x,t)), b(x,t)="Ff(w(x,t)). The nonlinear controlled
cascade system may be linearized as:

Yo — AYo + a(x, t)yo = —f(0) + { + vxw in Q

g — Aq+ b(x,t)g=0in Q

=0 g=58xr,onx

¥0(0) =y% yo(0)=y" q(0)=q% @(0)=q'inQ

We shall find a control v so that:
y(M=7% M=y, aT)=3; q(T)=3g inQ.
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Hyperbolic equations with boundary coupling.
To this end, introduce the adjoint system:
pi — Ap+ b(x,t)p=0in Q

zz—Az+a(x,t)z=0in Q

p=0, z=3Lxr,onx

p(T)=p% p(T)=p', 2(T)=2% z(T)=z'inQ
For (p%, p') € H}(Q) x L3(Q), we have
p < C([0, T]; HS(Q)) n C'([0, T]; L3(Q)), and
z € C([0, T]; L2()) n C'([0, T]; H~1(Q)). For every t € [0, T], define
the energy

Ept) = 5 (1P DIy + [ 190 1P ).
2 Q

Thanks to Lions’ H.U.M, the linear controllability problem will be solved
once we prove the following observability estimate:
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Hyperbolic equations with boundary coupling.

Proposition

Let w be a neighborhood of 'y, and let T > 2R;. Let e > 0 with
(N —2)e < 4. There exists

00, ke

Kg—exp[ L1+ [l 52 + (bl 52 )]

such that for all (0%, p') € H}(Q) x L?(Q2) and all
(20,2") € L2(Q) x H1(Q):

~ T
E(p; T)+E(zT) < Ke/ / |z(x, t)|? dxdt,
0 w

where C. = C.(e,Qw, T,bj) >0, L. =2+4e1,0. =N/(4 + 2¢), and
[[-Nloo,r = Il oo 0, ;L7 (02))-
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Hyperbolic equations with boundary coupling.

Proof of Proposition: key elements

Step 1. Establish the energy estimate

14+6¢
E(p;t) < E(p; s)exp <CE <1 + ||b”o:2,/5) |t — s|> , Vs, telo,T].
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Proof of Proposition: key elements

Step 1. Establish the energy estimate

14+6¢
E(p;t) < E(p; s)exp <C8 <1 + ||b”o:2,/5) |t — s|> , Vs, telo,T].

Step 2. Use the Duyckaerts-Zhang-Zuazua (boundary) Carleman
estimate and Step 1 to derive the boundary observability estimate
E(p: T) < eC-(+IbIZ ,2;)5)/ / ap(v, t

o

31/3 d’ydt.
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Hyperbolic equations with boundary coupling.

Proof of Proposition: key elements
Step 1. Establish the energy estimate
140
E(p;t) < E(p; s)exp <CE <1 + ||b|]ooz’,g) |t — s|> , Vs, tel0,T].

Step 2. Use the Duyckaerts-Zhang-Zuazua (boundary) Carleman
estimate and Step 1 to derive the boundary observability estimate

E(p:T) < ec¢<1+||b||;,i"f)/ /
o

Step 3. Use a localizing argument to derive the partial estimate

op(v, t

31/13 d’ydt.

T
E(p;T) < K. / / 12(x, £)[? dxat.
0 w
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Hyperbolic equations with boundary coupling.

Step 4. Use the Duyckaerts-Zhang-Zuazua internal observability
estimate to get

/E(Z; 7)< KE/OT/ |z(x, t)|2 dxdt + C(Q, T)/OT/r 6:0(’77 t)

ovpg

2
d~dt.
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Hyperbolic equations with boundary coupling.

Step 4. Use the Duyckaerts-Zhang-Zuazua internal observability
estimate to get

azrkgﬁéjév“ﬁﬁmw+cmjjﬁjﬁ

Step 5. Use Lions’inequality

WA

in Step 4, and combine the result with Step 3 to get the claimed
estimate. O

op(1, 1) [°

ovg

d~dt.

MMS&HQD,

8VB
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Final Thought

And if anyone thinks that he knows anything, he
knows nothing yet as he ought to know.

THANKS!
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