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In this study, application of Eliassen’s (1951) forced secondary circulation model to the hurricane
vortex is reexamined, It is shown by scale analysis that the symmetric tangential fiow is in hydrostatic and
gradient balance if the asymmetric part of the tangential flow and the radial and vertical symmetric
motions are appreciably smaller than the symmetric tangential flow, When surface friction and cumulus
transports of heat and momentum are included, the forced symmetric radial and vertical motions may be
diagnosed. The approximations on which this system of balanced equations is based are valid everywhere
in the hurricane vortex except in the upper tropospheric outflow layer. In the absence of Fickian diffusion
of momentum and heat, both deep inflow in the outer vortex and subsidence within the eye are forced by
radial gradients of conveclive heating. If corresponding gradients of cooling arise in the upper tropo-
sphere by mechanisms such as detrainment from overshooting cumuli, descent may be induced in the
lower stratosphere above and around the eye. Convective momentum transports act to weaken the
thermally induced secendary flow somewhat. I the vertical resolution of the finite difference mesh is too
coarse to resolve the detrainment layer properly, the model may diagnose an unrealistic secondary flow
with ascent throughout the eye. In the absence of all cumulus processes, the frictionally converged air no

JUNE 20, 1979

longer rises to the tropopause but rather flows outward in a shallow layer in the lower tropoesphere.

INTRODUCTION

In the balanced formulation of hurricane models, the tan-
gential flow is assumed to be in gradient balance and hydro-
static equilibrium, and the radial and vertical motions are
diagnosed with a technique developed by Eliassen [1951]. Es-
toque [1962) and Rosentha! [1963] attempted to obtain the
secondary flows induced in hurricanes by explicit large-scale
condensational heating with this method. Both models exhib-
ited shallow frictional inflow near the surface and outflow
which was concentrated below the midtroposphere, with the
strongest radial velocities just above the friction layer. Ogura
[1964)], following the lead of Charney and Eliassen [1964],
formulated a balanced model in which the condensational
heating aloft was proportional to the convergence of water
vapor in the frictional boundary layer, His solutions resembled
real hurricanes but did not go to a steady state analogous to
the mature storm. Subsequent models of Kuo [1965], Qovama
[1969], and Sundguist [1970a, b] were also formulated on the
same basis, Although the first two of these had limited vertical
reselution, Sundqvist’s model had 10 levels in the vertical and
produced a realistic secondary circulation with descent inside
the eye, a shallow upper tropospheric outflow layer, and deep
inflow in the lower troposphere. In addition to the balanced
models, symmetric, primitive equation models [e.g.,, Yam-
asaki, 1968a, b; Rosenthal, 1970a, b: Anthes, 1971] as well as
three- dimensional, primitive equation models [Anrhes et al.,
1971; Kurihara and Tuleya, 1974, Mathur, 1974; Jones, 1977]
have dominated the field. However, recently, Peng and Kuo
[1975] introduced a hybrid 10-level symmetric model with a
primitive equation boundary layer and a balanced free atmo-
sphere. The cumulus parameterization acted to vertically re-
distribute latent heat converged in the boundary layer, and
they attempted to include convective momentum transports by
increasing the vertical momentum diffusivity in regions of
strong boundary layer convergence.

The present work is primarily a physical interpretation of
the diagnostic portion of a conventional balanced model. The
balanced governing equations, as well as a set of linear non-
balanced equations that describe the asymmetric motions, are
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established by scale analysis of the primitive equations. These
scaling arguments are related to those of Ogura [1964] and, to
a lesser extent, to those of Anthes {1974]. The balanced equa-
tions are shown to be valid when the radial, vertical, and
asymmetric motions are small in comparison to the symmetric
tangential flow.

The convective heating and momentum transports are pa-
rameterized with a ‘second-generation’ scheme [Goyama 1971,
Fraedrich, 1913, Arakawa and Schubert, 1974; Schneider and
Lindzen, 1976], and the secondary circulation is diagnosed
with the balanced. equations. This model has no explicit diffu-
sion of either heat or momentum; the only forcing agents are
the convective processes and surface friction. The resulis ob-
tained allow novel interpretations of several features of hurri-
cane dynamics.

Recent work by Yaemasaki {1977a, b] and Rosenthal [1978,
1979] indicates that explicit calculation. of convective effects
may be preferable to parameterized schemes in full scale
numerical models. Although it does seem that the future of
hurricane modeling lies in this dicection, it is still possible to
obtain useful insight with the present formulation,

SCALE ANALYSIS

Consider the primitive equations expressed in cylindrical,
log pressure coordinates centered on the voriex and moving
with it. At the outset the anelastic approximation [Ogura and
Phillips, 1962] is made to eliminate acoustic waves. Coriolis
forces arising from the storm's motion, environmental pres-
sure gradients, friction, and convective transports are included
in the forcing terms on the right sides:
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The variables used are

fu | u 1 &p

radius;

vertical coordinate;

azimuth;

time;

radial wind component;

tangential wind component;

vertical wind component;

buoyancy, equal to

8T —T}/T,

geopotential;

square of the buoyancy frequency, equal to

gve — vV Tok

Coriolis frequency;

scale height;

temperature,

T, reference temperature in the undisturbed atmosphere;
¥ lapse rate;

vz dry adiabatic lapse rate;
g Egravitational acceleration;

U, V. W, B forcing of the corresponding dependent variables.
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The system in {1} is nondlmensmnahzed with the following
scales:

v= Pp* Ve~ 50ms?
u= Uu* U~ 10ms!
w= Wn* W~ 10ms-!
= Bb* B~ UV/Z
.r= Rr* R~ 15km )
= Zz* Z~ 15km
= pgHp* u~ 0,05
= (R/V)*
= Zh*/2

where the asterisk denotes nondimensional variables, This
scaling is appropriate to the eve wall regions. Befow, it is
extended to the outer portions of the storm to obtain a set of
equations that describe motions throughout the lower tropo-
sphere.
The continuity equation (le} is treated first:
2w*
Ea ) =0
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If the dependent variables may be represented in terms of an
asymptotic expansion in ¢ ~ U/V,
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Substitution into (3} and collection of like powers ¢ give
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since &/ ~ W ~ ¢¥. Thus at zero order, tangential wind is
axisymmetric, and the asymmetries have the same scaie as the
radial and vertical motions. One expects that the tangential
wind will be in something like gradient balance, so the buoy-
ancy and geopotential should have zero-order symmetric and
first-order asymmetric parts as well,

If one were to substitute directly from (2) into the tangential
momentum {16) and buoyancy (14) equations, the only terms
present at zero order would be du,/2r* and &6,/ 5*. How-
ever, introduction of a slow time scale for the symmetric
motions transforms these terms to first order. One thus
chooses ¢ 4* to represent the gradual evolution of the symme-
tric voriex under radial and vertical advection. Henceforth the
subseripts 5 and @ indicate the symmetric and asymmetric parts
of the variable in question. Thus the zero-order parts of #* and
w* are rewritten as u, + u, and w, + w,; vy, by, and @, are
redesignated v,, b,, and ¢,; and v,, by, and ¢, are redesignated
Ua, bs, and ¢,. Tn this notation, {4) becomes

a* = ur¥, 2%, U)ot 2% A ) e
o¥ = p(r*, 2%, H*) + v 7t 2% A ) + e
wh = wlr®, 2%, e ) w2 N ) e (6)

B* = b(r*, z%, M) + ebalr*, 2%, A, 1*) + X -
&* = B (r*, 2%, e H*) + eda(r*, 2%, A 1) + S

The remaining relations (la-14d} are now nondimen-
sionalized with (2), substitution from (6) is made, and both the
symmetric and asymmetric components of the forcing are
chosen to be order 1 in e. Collection of like powers of ¢ yields
the following at zero order:
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where F* = gH/V?, R* = Z°N*/V? and R* = V/{R are the

Froude, Richardson, and Rossby numbers, respectively,
N*H(*, 2%} and A*(r*, z*) are of order unity; their variations
account for spatial changes in the symmetric temperature field
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over the domain, In the vortex core the aspect ratio and p
divided by the Froude number are of order unity, the Rosshy
number is about 10-% and the Richardson number is 9 for V' ~
50 m s~ Strictly speaking, terms in R*-? could be omitted,
but it is shown below that their retention greatly increases the
generality of the equations. Following the notation of Wik
toughby [1977], {* = (8vs/3r* + 0,/r* + 1/R*), ¥ = 20,/r* +
1/R*, and 8% = au,/8z* are the vorticity, inertia parameter,
and vertical shear of the symmetric tangential motion, respec-
tively.

The symmetric and asymmetric motions are separated by
azimuthatly averaging (8). U,* and W,* are seen to be zero,
Replacement of u/F* and A* with the unity and comhbination
of the averaged equations with (7) form the complete set of
balanced equations for the symmetric motions:

v, Us 8¢
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g B
o T o™+ wo S =V, (95}
&
b= 22 (%)
—j«%‘ u,gf: + RFN*w, = B> (9d)
s | Wy | DWW, | 2w,
Al A A )

Subtraction of (95) and (94) from the corresponding relations
in (8) gives a set that describes the asymmetric motions:
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The solutions of (10) have been explored in some detail by
Witloughby [1977, 19784, b).

Consider a second scaling appropriate to the outer portion’

of the domain where the Rossby number is about 1. Here,
some of the scaling parameters assume new values:

V~10ms!
U~3ms™?
R~ 300 km
p~10"%
R¥~pu/F*~1
A*~5 %X 10°%

(11}

and the remainder are unchanged from their previous values.
Substitution into (la)-(le) and manipulation similar to that
Jjust described lead to equations closely resembling (9a)-(9¢)
and {10). The new equations differ from the old only in that
the asymmetric motions are hydrostatic and the Rossby num-
ber is everywhere replaced by 1. Thus (9) and (10) correctly
describe the motions everywhere in the domain, even though

3175

the variables might seem to get out of scale (#* ~ 10, p, ~ 0.1,
etc.) as one moves out from the center. In summary, the only
restrictions on the validity of these equations are that the
evolution of the symmetric motions must be appreciably
slower than the time required for tangential advection to
change the fields significantly, the momentum forcing must
lead to accelerations much smaller than the centrifugal acceler-
ation, and the ratio of the asymmetric, radial, and vertical
velocities to the symmetric tangential velocity must be small.
These conditions are easily met in the lower troposphere, but
the flow is strongly asymmetric, and the tangent of the crossing
angle exceeds | in the outflow layer. Philosophically, presenta-
tion of solutions in the latter region is justified anly by their
resemblance to the results of primitive equation models and to
hurricanes in nature. _

An alternative scaling arises in case the tangential momen-
tum or buoyancy forcing is of order zero in ¢, This leads to a
balance between 2v,/8r* and 26,/5¢* and the forcing, thus
precluding introduction of the slow time scale for the strongly
forced variables. The motions that arise in this scaling are
unlike those in a hurricane, so the decisions to introduce the
slow time scale and to require U,* and B,* to be of order | are
justified a posteriori,

Analysis based upon decomposition of the variables into
symmetric and asymmetric components has led to significant
advances in the study of the large-scale atmosphere [e.g., H ol
ton, 1975]. The preseat analysis is analogous to that approach
and represents essentially a small-amplitude linearization
about the mean vortex, although it does not offer the same
degree of accuracy as in the large-scale case.

OBSERVATIONS

In this section some observational justification for the pre-
ceding scaling argument is presented. During the night of
September 1-2, 1977, one of the WP3-D aircraft of NQAA's
Research Facilities Center operated at 700 mbar in hurricane
Anita [Sheets, [977). This was the first such flight in which a
new data acquisition system was fully operational, and data of
unprecedented quality were obtained. Here, analysis of a sub-
set of these data is presented, The subset was obtained be-
tween 0028 and 0513 UT on September 2 and consists of four
radial profiles along each cardinal compass direction from the
center, for a total of 16 profiles. The data were originally col-
lected at 1-s intervals (about every 100 m along the aircraft
track) and are presented as 2-km running averages evaluated
every 0.5 km,

The profiles along a line extending south from the center are
typical of the other observations and are shown in Figure la.
The dashed and solid curves represent an outward pass and the
subsequent inward flight. Each leg required 20 min of flying
time to complete, so the maximum interval between observa-
tions at the same point is only 40 min in this pair. Then about 2
hours clapsed between completion of the dashed leg and the
beginning of the dotted and chain-dashed legs, These last two
are also successive passes completed within a 40-min period,

All of the winds are derived from the aircraft inertial naviga-
tion equipment. In the case of the radial and vertical velocities
there seems to be little correlation between radial legs, but the
tangential velocity shows radial structure that persists from
profile to profile, This is also true of the 700-mbar height and
the temperature. This is emphasized in Figure 15, which repre-
sents an approximation to the azimuthal mean obtained by
averaging all [6 radial profiles. The ring of rising motion just
inside the radius of maximum wind is the only feature of the
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variables with fast zero-order parts in (6) to survive the averag-
ing, This, of course, corresponds to w,. On the other hand, the
symmetric structure of the variables without zero-order asym-
metries dominates their radial variation. If the azimuthal mean
were subtracted from the curves in Figure la, the radial varia-
tions of the residuals would resemble those of the fast zero-
order variables and would have an amplitude consistent with
the scaling in the previous section. It is observations such as
these that inspired the choice of magnitudes and time scales for
the fast and slow variables.

Equation (9a2) predicts that the gradient wind relation
should be valid in the azimuthal average below the outflow
layer. Figure 2a shows, as a function of radius, the azimuthal
average tangential wind from Figure 16 in comparison to the
gradient wind computed from the symmetric geopotential. In
calculating that quantity the 700-mbar height was numerically
differentiated, a three-point smoother was applied 10 times,
and then the gradient wind formula was entered. Figure 2bis a
scatter diagram relating the gradient and observed tangential
wind, The observed and gradient winds generally lie within
10% of each other. This agreement is actually somewhat betier
than the scaling would indicate and is supported by earlier
work by Hawkins and Rubsam [1968].

Gray and Shea [1973), in their study of a composite hurri-
cane based on aircraft data, contradict these resuits. They
report centripetal accelerations near the radius of maximum
wind (RMW) that exceed the gradient value by 20-50%. These
large supergradient values seem unreasonable. If the p,2/r*
term were 110% of the pressure gradient acceleration and were
to prevdi} over a 5-km interval just inside the RMW in a
hurricane with a 15-km radius eye and a 50-m s~! maximum
wind speed, the outward radial velocity induced at the outer
end of the interval would be nearly 13 m s=* if the initial value
were zero. Gray and Shea’s composite hurricane shows out-
flow equal to 5 m 577 at § km inside the RMW and decreasing
to zero at the RMW; the decrease takes place over the interval
where the strongest supergradient winds lie,

It may be that the excessive supergradient values are an
artifact of the way in which the composites were taken. In the
process of composmng, the radial profiles along many differ-
ent azimuths in several storms were adjusted so that their
RMW’s corresponded, and the averages were computed on the
basis of distance from the RMW rather than distance from the
center. Suppose that the tangential wind in each profile is the
sum of a symmetric flow that is in gradienf balance and a
radially varying asymmetric motion that is not. The sum wil}
usually be supergradient near the maxima of the asymmetric
component and subgradient near its minima. In each profile
the apparent RMW for the sum will tend to occur at the radial
maximum ‘of the asymmetric motion nearest the symmetric
maximum, Thus after the profiles are averaged with respect to
the RMW the winds at the apparent RMW will seem to be
supergradient, although the azimuthal average tangential wind
at the average RMW is nearly balanced.

The balanced equations show that the momentum forcmg in
the tangential diréction induces radial motion that advects
angular momentum of the appropriate sign to restore gradient
balance. The azimuthally averaged tangeniial flow can differ

Fig. 1.
wind, 700-mbar height, temperature, and vertical velocity observed by
aircraft on September 2, 1977, along a line extending south from the
center of Hurricane Anita. () Azimuthal averages of the same quan-
tities.

{Opposite} (2) Radial profiles of tangential and radial
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appreciably from the gradient value only when the radial
acceleration is large.

MobDeL

The symmetric, balanced governing equations (9a)—(%)
form the basis of the time-dependent balanced models cited in
the introduction. The present model uses the same equations
to diagnose the forced radial and vertical motions and does
not attempt to treat the evolution of the vortex. The structure
of the buoyancy, geopotential, tangential velocity, and heating
rate are specified to resemble an intense, mature hurricane that
is continuing to intensify, so the solutions are an instantaneous
representation of the secondary flow at that stage in the
storm’s evolution. _ ' )

The balanced governing equations are manipulated follow- .
ing Eliassen [1951] to obtain a single partial differential equa-
tion for #, the stream function in the #*-z* plane:

8 [ ] 2 a'p L ¥t 3 )
(Bf‘ r‘)(‘R‘ N =S E 52"‘)

a e pke T . * *-a_,#..)
* (32" )(f’ £ 32"‘ — 5% ort
e 3 W LAV ] a *
a (az* )(E ratVt) + (ar* r,)(r*p *B.F)

(12)

whereu, = ~ (1/Mp* W o/ 8z*)and w, = (1/P*p* X &Y/ ar*).

Qualitative discussion of the solutions to {12) is available in
Eliassen’'s original paper and in Holton’s [1972] text. Briefly,
(12) is a Poisson equition, Regions of forcing of a particular
sign tend to be occupied by stream function gyres of the
opposite sign. For the present case the forcing is usually domi-
nated by the horizontal derivative of the heating and the
vertical derivative of the momentum convergence, Thus when
the former is increasing radially or when the latter is decreas-
ing upward, a negative {out at low levels and inward aloft)
gyre forms. Either an outward decrease in heating or an up-
ward increase in momentum forcing induces a pasitive gyre,
This equation describes the relation of thermodynamic and
momentum forcing with both components of the secondary
flow. If one attempts to diagnose the flow from the buoyancy
(94} or momentum equation (94) alane, he may ‘be seriously
misled because he has neglected the way the motions are
coupled through mass continuity.

Equation (12} is solved by the method of Lindzen and Kuo
[1969], subject 10 the appropriate boundary conditions. The
finite difference grid used is square, with intervals of 0.1 non-
dimensional unit, or about 1.5 km. The vertical resolution is
comparable to that-used in the 10-level models cited, but the
horizontal resolution is much finer than the 20-30 km gener-
ally used in such work. Furthermore, the domain in the pres-
ent model extends to z* = 2.0, or about 15 km above the
tropopause, This is rnuch deeper than the domains used in
previous work.

The surface boundary condition is the same as that used by
Ogura [1964], The stress at the surface is given by a quadratic
stress law with drag coefficient Cp = 3 X 10-% and is assumed
to decrease {0 zero between the surface and the first interior
information level. Integration of the tangential momentum
equation (9%) from z* = 0 to.z* = 5z* gives an expression for
the total radial mass flux in the boundary layer:

2w T
Y(r¥, 82%) = —f p¥ru, dz¥ = Cpu,2p*{0) :*/5'*_ {13)
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Fig. 3. Structure of the symmetric tangential wind, the symmetric

buoyancy, and the coefficients in the differential equation for . The
tropopause is at z* = 1,0, and the radius of maximum wind is at 7* =
1.0. The rumber in the upper right-hand corner in each panel indicates
the nondimensional value that corresponds to a contour value of 1,0,

where ¢(#*, 0) = 0 and &v,/81* and &v,/8z* have been ne-
glected in the boundary layer. The value of $(+*, 52*) thus
obtained is then used as a lower boundary condition in the
numerical solution for ¢ at the other interior peints. In addi-
tion, &/ &r*| 5.« is used to supply the vertical cloud base mass
flux for the cumulus parameterization.

The other boundary conditions on  are ¢(0, z*) = (r*, 2)
= 0 and 8¢/ &r|r.5 = 0. The center boundary condition is
rigorously justified on the basis of axisymmetry, while the top
and ocuter boundaries are so remote from the part of the
domain in which we are interested that the solutions are in-
sensitive to them,

The structure of the tangential flow, the buoyancy anomaly
that supports it, and the principal coefficients in (12} are
ilustrated in Figure 3. These fieids were designed to reflect
hydrostatic and gradient balance, to resemble the observed
structure of hurricanes reported by Shea and Gray {1973] and
Gray and Shea [1973], and to avoid hydrodynamic instability.

The forcing arises from surface friction or from cumulus
transport of buoyancy or momentum. The cumulus processes
are parameterized with a scheme related to that of Hayes
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Fig. 4. Vertical variations of the two normalized cumulus mass flux
profiles used in this study,

[1977] with the addition of momentum transports after Schnei-
der and Lindzen [1976]. The scheme employs a model of a
single cloud that extends from the surface to the tropopause
and may entrain or detrain at any level, M., the total vertical
mass flux carried by the clouds in an annular ring at radjus #*,

20 PO
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Y
=0 2
Mc ar¥ (52
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e = e 8C")] (15)

Here ¢ and & are fractional rates of entrainment and detrain-
ment as functions of height, Figure 4 shows the two pro-
files of » used in this study, In both cases, € is fixed at 1.0—
equivalent to a vertical increase in by a factor of e between
the surface and the tropopause in the absence of detrainment.
The detrainment rate is zerc in the lower troposphere and
increases to a large value near the tropopause, At the level
where the entrainment and detrainment rates are equal, the
mass flux attains a maximum, and it decreases to zero just
above the tropopause. It is differences in the vertical variations
in 6(z*} that lead to the differences between the mass flux
proftles. Both were chosen to resemble those diagnosed in
observational studies of tropical waves [Yanai er al., 1973;
Ogura and Cho, 1973] and in the outer parts of tropical cy-
clanes [Frank, 19776), but neither profile includes the effect of
shallow cumuli. Profile A has a fairty deep detrainment layer,
but detrainment in B takes place in such a shallow interval that
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it is poorly resolved by the model. The former proefile leads to a
fairly realistic secondary flow, but the latter is used to illustrate
some of the difficulties inherent in cumulus parameterization,
The apparent convective buoyancy and momentum sources
[Ogura and Cho, 1973; Schneider and Lindzen, 1976} are given

by
*A aT,
B,* = i;»— [( ek n“) + 8(T, — Ts)] (16)
(17

Vo¥ = MS* + 8(v. — vs)]

where g* and vy,* are the nondimensional equivalents of g and
Y+ as previously defined, Temperatures are non-
dimensionalized with 300°K, T, is the nondimensional tem-
perature corresponding to b, and T and v, are the temper-
ature and tangential velocity inside the clouds. Form drag on
the ¢louds and the effects of evaporation or detrained water
are neglected. The vertical variations of the in-cloud guantities
are given by

ij; = —¢lv, — v, {18a)

ah,

S = el = ho) (185)
.= T, = (he — B)/[Cp + (L%q/R, T {18c)

where ¢, is the mixing ratio in the unsaturated symmetric
cloud environment and #, and A, are the moist static energies
(C,T + Lg + g*z*) of the clouds and environment, respec-
tively. L is the latent heat of condensation, R, is the gas
constant for water vapor, and C, is the specific heat at con-
stant pressure for dry air, The last of these relations (equation
(18¢)) is used only to describe detrainment, and it requires that
latent and sensible heat be detrained in such a ratio that the
relative humidity remains constant, This is somewhat arbi-
trary, but at the levels where significant detrainment occurs,
the temperature is so low that the air can held little moisture.
Thus the convective heating or cooling is insensitive to this
assumption,

The cumulus parameterization is oversimplified in com-
parison to spectral schemes such as those proposed by Qoyama
[1971] or Arakawa and Schubert [1974] and neglects such
important effects as cumulus downdrafts [Johnson, 1976]. The
problem is closed by initial specification of  and by requiring
all of the boundary layer convergence to feed the cloud base
mass flux. The vertical structure of the nermalized mass flux
does not respond to variations in stability. The parameter-
ization may thus overestimate the amount of both deep con-
vection and overshooting near the vortex center. In addition to
cooling by detrainment from overshooting cumuli the cirrus
canopy should cool radiatively, so the actual amount of upper
tropospheric cooling is uncertain,

This parameterization is by no means unique. It was de-
signed by trial and error to produce a realistic secondary
circulation. In the next section it will be shown that the results
are sensitive to the details of the parameterization, This sug-
gests that such schemes may not provide a basis for successful
time-dependent models of hurricanes. Nevertheless, this

scheme is adequate for the more tractable problem of the

vortex's response to realistic heat and momentum transports,
REsuLTs

Figure 5 shows a forced secondary circulation and the con-
vective forcing that produces it. The cumulus mass flux is
calculated from profile A and is nonzero in a region extending
vertically from z* = 0.1 to the tropopause and radially from »*
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= (.5, where the tangential wind goes to zero, outward to r* ~
13, where the boundary layer flow becomes divergent, produc-
ing descent at the top of the friction layer, The cumuli heat
most of the tropospheric column through induction of com-
pensating subsidence in their environment. This process is
represented by the first term in the brackets in (16). However,
in the upper troposphere, detrainment of cool air from the
overshooting cumuli leads to some cooling, and the second
term becomes important, The parameterization may under-
estimate the amount of this second effect because it largely
neglects evaporation of detrained condensate. Qutside the eve
the cloud base mass flux increases toward the center, Thus the
buoyancy forcing in this region is negative where the cumuli
heat the air and positive where they cool it. Inside the eye the
cloud base mass flux decreases to zero, and the signs of the
forcing due to heating and cooling are exchanged because of
the reversed radial gradient of M.

Compensating subsidence also dominates the cumnulus mo-
mentum forcing in the lower troposphere and the mid-
troposphere. Because the mean wind decreases with height
above the friction layer, the momentum flux is divergent and
becomes increasingly so with altitude in this region, but in the
upper troposphere, detrainment of high-momentum air makes
the flux convergent, The momentum forcing is thus positive
below the detrainment layer, negative in the detrainment layer
below the level of maximum detrainment, and positive above
it. Except in the detrainment layer, where both compoenents
are equally important, the momentum forcing is generally
about an order of magnitude weaker than the buoyancy fore-
ing.

The secondary circulation induced by this forcing is primar-
ily a positive gyre that extends outward from the eye wall and
vertically from the surface to the tropopause. This feature
results from the joint action of surface friction and the region
of negative forcing due primarily to the horizontal gradient of
heating and, to a lesser extent, to the upward increase in
momentum convergence below the level of maximum detrain-
ment in the upper tropasphere. Within the eye a much weaker
negative gyre arises from the reversed horizontal gradient of
heating there. Aloft in the outer circulation the inward in-
crease of detrainment cooling forces some descent in the lower
stratosphere. This causes the subsidence region of the eye to
extend out over the outer vortex, producing a ‘stadium effect.’
In addition to the detrainment cooling, which may be an
artifact of the cumulus parameterization, one would expect
cooling due to evaporation of detrained condensate and in-
frared radiation from the cirrus canopy to contribute to these
motions. The predicted descent of stratospheric air into the eye
is consistent with Ostland’s [1968] observation of tritium-rich
air from the stratosphere at low levels in the eye of Hurricane
Betsy of 1965.

There is no diffusion to import momentum into the eye or te
export buoyancy from it. Therefore in this medel the gradient
of heating is the sole agent capable of maintaining the negative
gyre inside the eye. In the case of an intense hurricane that is
continuing to intensify, both the cumulus heating and its gra-
dient between the eye walt and the convection-free eye proper
should be intense. On the other hand, when the central pres-
sure stops falling in response to weakened heating, the sub-
sidence should also decline, Thus deepening, intense hurri-
canes should have warm dry eyes, and filling ones should have
less subsidence, lower temperatures, and more moisture in
their eyes. Jordan [1961] has documented this phenomenon
with reconnaissance dropsonde data from intense Pacific ty-
phoons.
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The generally accepted explanation for the subsidence dif-
fers from the foregoing. Kuo [1959] and Malkus [1958] hypoth-
esize that inward transport of angular momentum from the eye
wall causes the wind inside the eve to exceed the gradient
value. This leads to outflow at low levels and to subsidence
aloft. The angular momentum of the eye wall decreases with
height, so the forcing that arises by this mechanism has the
appropriate sign to contribute to the subsidence. It is also
possible that wave momentum flux convergences may act in a
similar fashion, However, the present results indicate that this
feature may arise without any horizontal diffusion whatsoever,
Furthermore, it is difficult to reconcile Jordan's observations
with the diffusion hypothesis because, under that hypothesis,
descent should be correlated with intensity itself rather than
with the time derivative of intensity.

Other features of these solutions include deep inflow in the
outer vortex above the friction layer and a shallow outflow
layer confined to the region just below the tropopause. This
deep inflow has been observed in nature [e.g., Frank, 19774a]
and is simply the lower half of the large positive gyre. Al-
though the bulk of the mass influx in the model is due to
surface friction, the heating gradient in the free atmosphere
also contributes to it. The air that converges inward can as-
cend to the tropopause in the face of the stable stratification
only because of the convective heating. At the tropopause the
heating ceases, and the air encounters the much greater stabil-

" ity of the lower stratosphere; this restricts its vertical motion
and, in combination with upward advection of angular mo-
mentum, causes it to turn outward in order to satisfy mass
continuity. The radial velocity in the outflow layer is sub-
stantially greater than that in the inflow because the density at
the tropopause is much less than at the surface. In fact, the
outflow velocity is so strong that the validity of the balanced
equations is doubtful,

If this calculation is repeated with the cumulus momentum
transport suppressed, the strength of the secondary flow and
the rate of subsidence in the eye approximately double. Other-
wise, the solutions do not differ qualitatively from Figure 3,

Figure 6 shows the effect of elimination of both convective
heating and momentum transport. The secondary circulation
is forced by surface friction alone. This solution resembles the
results of Estogue (1962] and Rosenthal [1963). The inflow is
confined to the surface friction layer, and the outflow extends
through most of the lower and middle troposphere, Perhaps
this similarity arises because the heating was either under-
estimated or excessively concentrated in the lower troposphere
in the earlier work. _

The secondary circulation in a hurricane over cold water
may resemble Figure 6. The air that converges in the friction
layer experiences adiabatic cooling and becomes negatively
buoyant so that it cannot ascend to the tropopause in the
absence of condensational heating. Instead, it satisfies mass
continuity by turning outward at relatively low levels, Since
the ascent and outflow are confined to the lower troposphere,
the upper tropospheric buoyancy anomaly that sustains the
low central pressure is largely protected from adiabatic cooling
or dissipation by outward advection. This agrees with experi-
ence [Palmen and Newton, 1969}, although many of the long-
lived tropical cyclone remnants take on extratropical charac-
teristics.

The final simulation, shown in Figure 7, illustrates the sensi-
tivity of the secondary circulation te the vertical structure of
the cumulus mass flux. In this case the forcing is calculated
with profile B of Figure 4. The detrainment layer is shallower
than with profile A and is not well resolved by the finite
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difference grid. Comparison of Figure 5g with Figure 7g in-
dicates that the region of positive momentum forcing sbove
the level of maximum detrainment is absent because it lies
between two information levels. This change in the forcing
function leads to profound changes in the secondary circula-
tion, The organized subsidence at high levels inside the eve is
replaced by ascent, strong inflow extends nearly to the center
in the upper troposphere, and the radial velocity in the outflow
layer is greatly increased. The solutions bear little resemblance
to hurricanes in nature. Although the eye structure seems to be
insensitive to horizontal momentum transports, a spurious
convergence of the vertical convective momentum flux is quite
another matter. If primitive equation medels are equally sensi-
tive to the details of the cumulus Buxes, this may add to the
difficuities that have been encountered in implementation of
second-generation cumulus parameterizations in hurricane
models [Rosenthal, 1973, 1979],

CoNCLUSIONS

Scale analysis indicates that the balanced equations describe
the azimuthally averaged motions in the lower troposphere in
hurricanes. This means that the symmetric tangential flow is in
gradient and hydrostatic balance and that the radial and verti-
cal motions may be diagnosed if one knows the diabatic proc-
esses that act on the flow, However, in the upper tropospheric
outflow layer these approximations are weaker because the
radial and tanpential velocities are comparable, Where the
balanced approximation is valid, the asymmetric motions are
described by a set of linear equations which indicate that
significant departures from gradient balance are possible for
point values, as contrasted to the azimuthal mean. Further-
more, the asymmetric motions are not hydrostatic because
their aspect ratic is about 1, or alternatively, because the
tangential advection frequency approaches the buoyancy fre.
quency.

The solutions obtained for the secondary flow from the
balanced equations reveal a number of interesting features, In
this medel, the subsidence inside the eye arises entirely from
the difference in convective heating between the eye wall and
the eye itself, It may be that inward diffusion or wave transport
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of angular momentum from the eye wall contributes to the
forcing of the subsidence in nature, but the descent in the eye is
observed to be correlated with the rate of change of intensity
rather than with intensity itself, These observations seem to be
inconsistent with the view that momentum diffusion is primar-
ily responsible for the subsidence. The deep inflow present in
the outer vortex is caused by the inward increase in convective
heating. The heating also enables the air to ascend to the

tropopause, where it turns outward after encountering the

greater stability of the stratosphere. If the heating were not
present, the outflow would occur in a shallow layer confined to
the lower troposphere, and the buoyancy anomaly would be
somewhat protected from any influx of cold air in the bound-
ary layer. :

The secondary flow is sensitive 1o the vertical structure of
the cumulus mass flux. If its structure is adequately resolved,
cumulus momentum transports tend to weaken somewhat the
secondary circulation and, in conjuction with cold detrain-
ment, to induce sibsidence in the lower stratosphere. On the
other hand, if the detrainment layer is not resolved in enough
detail, the momentum transports may lead to rising motion
that extends completely across the eye. In hurricane simula-
tions it is perhaps beiter to ignore cumulus momentum effects
than to model them badly,

L I o T o o T o
60 70 BD 90 Q. NR 120 130 M3 150
RADIUS

Secondary circulation and forcing for profile B with momentum transports.
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