MET 4302 Acoustic-Buoyancy Waves 12 FEB 2018

Consider the two-dimensional (x and z), linearized, nonhydrostatic, non-rotational, x-momentum, y-
momentum, and buoyancy equations as derived previously using Exner-function/potential temperature

thermodynamics:
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Here the velocity components, potential temperature, 6 =T(p0 /p)%p , and Exner function,
Vs :(p/po )R/C" , Where T is temperature, p is pressure, and po is a reference pressure, nominally 1000

kPa; b'=g0'/ @ is the perturbation buoyancy; and N> =(g/0)00 / éz is the Brunt-Viisili frequency.

The nonlinear continuity equation is:
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Defining the density in terms of Exner function and potential temperature,
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Thus, for adiabatic (D@ / Dt =0 ) motions:
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The linearized continuity equation becomes:
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We recognize that (c, /c,)R76 =(c, / c,)RT = yRT =C’is the speed of sound, where y=c, /c,, and
g/(yRT)=1/yH



MET 4302 Acoustic-Buoyancy Waves 12 FEB 2018

x oz yH

or' _orn' Rm|ou' ow' w'
—tU—= ,
ot ox C,

were H is the pressure scale height, such that 1/H=g/RT =—p '0p/ 0z . We will need the vertical

derivative of mean-flow density:
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The vertical derivative of mean-flow potential temperature is (remembering that ¢, —c, =R and

}/:cp/cv):
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Adding the logarithmic derivatives of density and potential temperature and rearranging,
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Make a “magic operator” from the vertical momentum and buoyancy equations:
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Apply to the continuity equation:
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and substitute from the horizontal momentum equation,
2 2
(£+U£j (£+Uij +N? |z'=
ot  0Ox ot  oOx
¢, R0 (a _ajz , |07 (a _ajz o’z (1 100)ox'
—+u— | +N +| —+U— =
c, ot ox ox> \ot ox)\ a2 \yH 00oz) oz
2 2 2 2 1 1
Cz (i.{.ﬂi] +N2 6_7;+(2+Ui) 872 — i_lﬁ ai ,
ot  ox ox ot  ox 0z yH 6 0z ) oz
which rearranges to:
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Assume solutions of the form Ae*e"“* ™™ so that o7 / 0z =(« —im)x and

o’r /02" =(a® —2iam—m®)rx .
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The real and imaginary terms must vanish separately. Selecting the imaginary terms and assuming that
m#0,
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We recognize that,
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Substituting into the real terms,
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The first two terms describe high-frequency waves:
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For short waves, (k*,m?)> H.",these are the 2-dimensional version of the same sound waves we

derived earlier w = ki + C\k? + m* . For long waves, (k*,m*)~ H;l,that is for wave lengths comparable

with twice the modified scale height, the frequency approaches C/2H-, called the Acoustic Cutoff
Frequency.

The last two terms define non-rotational internal gravity waves:

2
P

—[(a)—kU)]ZCZ[k2+m2+ 1 J+C2N2k2=0,

[(w—Kka)P [kz m 4;2 j:Nzkz,

P

As before, the frequencies of horizontally short waves
(large k or small m) approach =N . The frequencies of
horizontally long wave (small k or large m) approach
zero. If we had included rotation, the frequency limit

horizontally long wave would be +f .

The vertical scale for wave amplitude can be rewritten,
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